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Abstract.
This brief encapsulates basic qualities of 3 constitutive relation-

ships between two natural numbers. Constitutive analysis has prov-
en a handy tool in the examination of integer sequences that have 
some sort of divisibility restriction. The aim of this paper is to clarify 
the topic in brief so that mathematicians may employ its concepts in 
their own work.

Introduction.
This paper concerns the multiplicative relationship between non-

zero positive integers k and n, principally composite numbers in the 
mutual cototient, this is to say, numbers such that (k, n) > 1. In this 
work, we write (k, n) = 1 as k ⊥ n according to Knuth [2] on account 
of its convenience. For (k, n) > 1 we write k ⊔ n.

Relations Pertaining to Primes.
Let’s first address prime numbers as their relations are simple. 

Prime p either divides n or, if p is not a divisor of n, p is coprime to 
n [3]. Hence, for prime p, we have the following well-known facts:

k | p iff k = 1 or k = p, and
k ⊥ p for 1 ≤ k < p.

Regarding n > p:

p | n for n ≡ 0 (mod p) and all other cases, p ⊥ n.

Therefore we have evidence of 2 possible “constitutive” states, one 
of which is coprimality, the other is divisibility. We know that the 
product of coprime numbers is also coprime [4].
Additional Relations Pertaining to Composites.

Let’s consider three cases that apply to composite numbers, prod-
ucts of more than one prime factor, not necessarily distinct.

Let prime p | n and prime q ⊥ n. For each appearance of p or q, we 
consider that p represents at least 1 prime p | n and that q represents 
at least 1 prime q coprime to n.

Consider three cases:
	 pp,	 pq,	 qq.	

There can be no other cases, since each symbol represents at least 1 
instance of a prime divisor or a prime nondivisor of n.

The case qq simply represents a n-coprime composite, since the 
product Q of q such that q ⊥ n implies Q ⊥ n.

The case pq must have 1 < (pq, n) with pq ≠ (pq, n) ≠ n. It is clear 
that p | n so pq is not coprime to n. Prime q does not divide n, hence 
pq is not a divisor of n. Since pq is neither a divisor of nor coprime 
to n, we may say that pq is neutral to n. Furthermore, since pq is 
neutral to n, pq cannot be prime, since primes must either divide or 
be coprime to n. It is clear that pq is the product of at least 1 prime 
divisor p | n and at least 1 prime q such that q ⊥ n (or, rather, an 
n-nondivisor q). We shall call this relation pq semicoprime to n.

Case pp is a product k of primes p | n. We may subdivide this case 
according to k | n.

We can construct pp such that pp | n. For example, 2 × 2 = 4 and 2 × 
3 = 6; 4 | 8 and 6 | 12. This case is simply that of a composite divisor.  
We also can construct cases such as k = 4 and n = 10, or k = 12 and 
n = 18 such that, though all the prime divisors of the former in each 
pair divide the latter, we find that the number is too rich in copies of 

at least one prime divisor p so as to divide the latter number. 
The case of composite divisors, has 1 < (pp, n) = pp while the case 

of nondivisors has 1 < (pp, n) < pp. Hence the second case is also 
n-neutral. It is evident that the second case is that of n-nondivisors k 
that are products of primes p such that p | n. We shall call n-nondivi-
sor n-regular k, an n-semidivisor. Though primes p may divide n, 
they may not semidivide n, as semidivisibility is neutral, hence the 
nondivisor subspecies of case pp applies to composite k. Taking case 
pp together, we say that k | n and n-semidivisor k are n-regular. 

The empty product 1 must be treated differently, since 1 is both co-
prime to all numbers n yet divides all numbers n and therefore n-reg-
ular. Exclusive of the empty product, there are 3 distinct relations be-
tween k and n: k coprime to n, k semicoprime to n, and k regular to n.

For simplicity, we call these relations “constitutive”, as they re-
gard the multiplicative constitution of numbers k and n.

Basic Set-Theoretic Constitutive States.
Define the set of distinct prime divisors of n as follows: 

	 P(n) = { prime p : p | n }. 	 [1.1]

Then the cardinality of P(n) is rendered thus: 

	 ω(n) = | P(n) | = A1221(n),	 [1.2] 

and the squarefree kernel of n as follows: 

	 κ = rad(n) = ∏
p|n

 p = A7947(n).	 [1.3]

Let’s examine the three states in a basic set-theoretical light. A pri-
ori, the following is obvious:

	 P(n) ⋂ P(k) = ∅ ⇒ (k, n) = 1, coprimality. 	 [1.4]

	 P(n) ⋂ P(k) ≠ ∅ ⇒ (k, n) > 1, noncoprimality.	 [1.5]

It is necessary to consider multiplicity so as to determine divisibil-
ity or nondivisibility between k and n. We further distinguish rela-
tions by taking into account the multiset P(n) of prime divisors with 
multiplicity. The cardinality of this multiset is given by the following: 

	 ω(n) = | P(n) | = A1222(n),	 [1.6]

Considering the sets of distinct prime divisors of 2 nonzero pos-
itive numbers, we have disjoint and identical sets, or we have an in-
tersection resulting in an inhabited set. Coprimality concerns the 
disjoint sets, regularity the identical sets, while semicoprimality is 
present, with or without regularity, in the case of difference between 
sets results in an inhabited set. If symmetric difference between sets 
derives from both sides, we have symmetric semicoprimality (◊◊), 
otherwise we have a mixed cototient relationship.

Table A.
Relation Setwise Kernelwise
coprimality P(n) ⋂ P(k) = ∅ rad(k) ⊥ rad(n)
mixed cototient P(n) ⊖ P(k) ≠ ∅ (rad(k), rad(n)) >1
coregularity P(k) = P(n) rad(k) = rad(n) = κ

Therefore semicoprimality and regularity comprise 2 species of 
the cototient, that is, of numbers that are not coprime. (See Figure 
1 on page 6.)
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Constitutive Symbols.
We now introduce symbols to signify constitutive relations, in-

tended to streamline statements, akin to writing “k | n” to mean that 
k divides n, i.e., k is an n-divisor. We have already employed the no-
tation k ⊥ n to signify (k, n) = 1. To signify (k, n) > 1, we write k ⊔ n, 
meaning k and n have a common prime divisor.

In the light of Knuth’s coprimality symbol and seeing that n-divis-
ibility, i.e., k | n, is a form of n-regularity, we use k ∥ n to signify k 
regular to n i.e., k is n-regular. Hence k ∦ n signifies k is nonregular 
to n, as k ∤ n means k does not divide n. We propose k ¦ n to signify k 
semidivides n i.e., k is an n-semidivisor. Finally, we use k ◊ n to signify 
k is semicoprime to n i.e., k is n-semicoprime.

The following table summarizes constitutive symbols.

Table B.
k ⊥ n k is coprime to n (k, n) = 1
k ◊ n k is semicoprime to n 1 < (k, n) < min n/(k, n) ∦ n

k ∥ n k is regular to n 1 ≤ (k, n) ≤ min k | nε : ε ≥ 0

k | n k divides n 1 ≤ (k, n) = k k | nε : ε = 0…1
k ¦ n k semidivides n 1 < (k, n) < min k | nε : ε > 1

Hence, writing k ∥◊ n signifies k regular to n, but n semicoprime to 
k, while k ∥∥ n indicates symmetric regularity.

Within the mixed cototient, we have the following relations:
Table C.

Relation Setwise Kernelwise
k ⊥ n P(n) ⋂ P(k) = ∅ rad(k) ⊥ rad(n)

k ◊◊ n
P(n) ⊖ P(k) ≠ ∅:
P(k) \ P(n) ≠ ∅ ∧
P(n) \ P(k) ≠ ∅

rad(k) ∤ rad(n) ∧
rad(n) ∤ rad(k)

k ◊∥ n
P(n) ⊖ P(k) ≠ ∅:
P(k) \ P(n) ≠ ∅ ∧
P(n) \ P(k) = ∅

rad(k) ∤ rad(n) ∧
rad(n) | rad(k)

k ∥◊ n
P(n) ⊖ P(k) ≠ ∅:
P(k) \ P(n) = ∅ ∧
P(n) \ P(k) ≠ ∅

rad(k) | rad(n) ∧
rad(n) ∤ rad(k)

k ∥∥ n P(k) = P(n) rad(k) = rad(n) = κ

Cases of Symmetric Regularity.
Taking into account multiplicity and knowing we have 2 species of 

regularity, i.e., the divisor and the semidivisor, we have the following 
four possible cases:
	 ||	 |¦ or ¦|	 ¦¦
	 Symmetric	 Mixed	 Symmetric
	 Divisibility	 Regularity	 Semidivisibility
	 ⑤	 ⑥⑧	 ⑨

Let k = pαmqδ, primes p < q, m ≥ 1, and let n = pβmqε, with non-
zero exponents α, β, δ, and ε. Such a definition implies k and n both 
composite and not prime powers, since they are at least squarefree 
semiprimes pq.

Suppose α > β. Then it is clear that n | k, though k ∥∥ n. Likewise we 
might also consider δ > ε either alone or independently and conclude 
the same. If n | k ∧ k ∤ n, yet , then it is clear that we have nondivisor 
n-regular k, hence an n-semidivisor k, i.e., k ¦ n. Hence we may write 
k ¦| n or via state notation, k ⑧ n. If we reverse the inequalities, then 
clearly we have the reverse relation k |¦ n, also known by k ⑥ n. In 
other words we have the case of mixed regularity. 

Suppose α = β and δ = ε. Then it is obvious we have k | n ∧ n | k, i.e., 
k || n, also known as k ⑤ n. This is symmetric divisibility, a special 
case of symmetric regularity, which implies k = n, i.e., equality.

Finally, suppose α > β, but δ < ε. Then neither k nor n divide the 
other, though k ∥∥ n. We have a case analogous to semicoprimality in 
that there is an algebraic symmetric difference among multiplicities 
regarding at least 1 common prime factor. Therefore k and n are mu-
tual semidivisors, k ¦¦ n, also known by k ⑨ n, and we have a case of 
symmetric semidivisibility.

From this point on, we will refrain from using the phrase “symmet-
ric regularity” and instead say “completely regular”. We also refrain 
from using the symbol “∥” which represents symmetric regularity, 
and instead write symbols associated with completely regular states.

Cases Involving Semicoprimality.
We have already shown that there exists a symmetric semicoprime 

state k ◊◊ n, i.e, k ① n. Such is implied by symmetric difference be-
tween P(k) and P(n). 

The existence of 2 species of regular numbers (the divisor and the 
semidivisor) implies corresponding mixed cototient states:
	 ◊◊	 ◊| or |◊	 ◊¦ or ¦◊
	 Symmetric	 Lean	 Mixed
	 Semicoprimality	 Divisorship	 Neutrality
	 ①	 ②④	 ③⑦

These will be described in a section below.
Constitutive Partitioning of Natural Numbers.

We define 3 infinite subsets of ℕ with respect to P(n), n > 1. These 
numbers pertain to squarefree kernel κ = rad(n) = A7947(n). These 
are the sets of κ-regular k, κ-semicoprime k, and κ-coprime k.

The 3 subsets are defined as follows:

	 Rκ = { k : P(n) ⊆ P(k) } = ⊗
p|κ 

{pε : ε ≥ 0},	 [2.1]

	 Sκ = { k : 0 < | P(k) \ P(n) | < | P(n) ⋃ P(k) | },	

	 = {Rκ \ {1}} ⊗ {Tκ \ {1}} implied by case pq, and	 [2.2]

	 Tκ = { k : P(n) ⋂ P(k) = ∅ } = { k : (k, n) = 1}.	 [2.3]

Hence we have Tκ containing k such that (k, n) = 1, Rκthe tensor 
product of prime power ranges pε : ε ≥ 0, where p | n, and Sκ contain-
ing k such that (k, n) > 1 but prime q | k while q ⊥ n. Recognizing 
that n-semicoprime k is a product of at least 1 prime p such that p | n, 
and at least 1 prime q such that q ⊥ n, we can construct a countably 
infinite set of n-semicoprime numbers as follows:

	 Sκ = {Rκ \ {1}} ⊗ {Tκ \ {1}}. 	 [2.4]

Regarding the empty product, Rκ ⋂ Tκ = {1}, otherwise the subsets 
are distinct. 

For n = 1, R₁= {1}, S₁= ∅, and T₁= ℕ. 

For κ > 1, it is easy to see the following:

| Tκ | = ℵ₀ via congruence with reduced residues and induction.

Rκ =  ⊗
p|κ 

{pε : ε ≥ 0} implies | Rκ | = ℵ₀. 

Sκ = {Rκ \ {1}} ⊗ {Tκ \ {1}} implies | Sκ | = ℵ₀.

Regular and Coregular Numbers.
Consider squarefree κ ∈ A5117 and let Rκ be the κ-regular num-

bers. It is clear that r ∈ Rκ is such that rad(r) | κ.  Then we can gen-
erate an infinite list of κ-regular numbers. This list is shared by any 
number n such that rad(n) = κ, though a finite set of divisors unique-
ly pertains to n, with nondivisors comprising an infinite subset of 
n-semidivisors.
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Examples:
	 R₆ = ⊗

p|6 
{pε : ε ≥ 0} 

	 = {2δ : δ ≥ 0} ⊗
 
{3ε : ε ≥ 0} 

	 = {1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, 27, 32, …}
	 = A3586.
	 R₁₀ = ⊗

p|10 
{pε : ε ≥ 0} 

	 = {2δ : δ ≥ 0} ⊗
 
{5ε : ε ≥ 0} 

	 = {1, 2, 4, 5, 8, 10, 16, 20, 25, 32, 40, 50, …}
	 = A3592.
Then κ-coregular numbers r ∈ κRκ are such that rad(r) = κ.

	 6R₆ = ⊗
p|6 

{pε : ε ≥ 0} × 6

	 = {2δ : δ ≥ 0} ⊗
 
{3ε : ε ≥ 0} × 6

	 = {6, 12, 18, 24, 36, 48, 54, 72, 96, 108, …}
	 = 6 × {A3586}. 

It is evident that multiplication of Rκ by κ guarantees κ | r for all r.

Basic Constitutive Classes.
Let us divide natural numbers n ∈ ℕ into 5 categories based upon 

prime decomposition of n. The number n is said to be squarefree iff 
ω(n) = ω(n). The number n is said to be prime iff ω(n) = ω(n) = 1, 
and a prime power iff ω(n) = 1. The empty product n = 1 occupies a 
category all to itself, therefore, we may hold that there are actually 4 
nontrivial categories. We further distinguish numbers instead with 
M(n) = the largest multiplicity in n, meaning the largest exponent ε 
such that any prime power pε | n.

Table D.
M(n) = 1 M(n) > 1

ω(n) > 1
multus

8, 27, 125
A246547

tantus
12, 75, 216

A126706

ω(n) = 1
prime

2, 17, 101
A40

varius
6, 35, 210
A120944

These names derive from Latin. We apply multus, “many” to com-
posite prime powers A246547, since we have many copies of the 
same primes p | n. The name varius means “variegated” and applies 
to squarefree composites A120944, since we have a diverse set of dis-
tinct primes p | n, but only one copy of any p. We apply the name tan-
tus, “so (many)”, to numbers neither squarefree nor a prime power 
(A126706) since we have a diverse set of distinct primes p | n, and at 
least one prime p appears more than once, that is, M(n) > 1.

We define a subset of tantus numbers for which all prime power 
factors pε | n such that ε > 1. This is tantamount to the powerful num-
bers A1694 without prime powers A961, i.e., A1694 \ A961. We call 
these plenus (“full”) numbers (A286708). Another way to think of 
plenus numbers is as a product of multus numbers.

It is clear we may partition the natural numbers n ∈ ℕ, n > 1 into 
the following mutually exclusive classes:

A40 = {n : ω(n) = ω(n) = 1}, the primes.

A246547 = {n : ω(n) > ω(n) = 1}, composite prime powers; multus.

A120944 = {n : ω(n) = ω(n) > 1}, squarefree composites; varius.

A126706 = {n : ω(n) > ω(n) > 1}, numbers neither squarefree nor 
prime powers; tantus.

Code [C2] generates sequences discussed in this section.

Constitutive states.
Outside of coprimality, we may have asymmetric constitutive rela-

tions between k and n. Therefore we construct a table as follows and 
assigning enclosed numerals to define constitutive states (which I 
have called Svitek states). Since coprimality is symmetric, we write k 
⊥ n as k ⓪ n. We could define states that include the empty product 
1, but normally fold these into state ⓪. [see note 1]

As a convention, we consider semicoprimality (◊), divisibility (|), 
and semidivisibility (¦) and construct the following table so as to as-
sign enclosed numeral symbols (state numbers) thus:

Table E.
k ◊ n k | n k ¦ n

n ◊ k ① ④ ⑦
n | k ② ⑤ ⑧
n ¦ k ③ ⑥ ⑨

The cototient states may be grouped with their inverse states into 
the following 7 categories. The following lays out basic qualities of 
the 7 cototient states. These descriptions relate to theorems and 
proofs whose numbers relate to the state numbers. For example, 
Theorem 68.1 relates to mixed regularity ⑥⑧.

Let s = d = min(k, n) and t = m = max(k, n). We use {d, m} iff d | 
m, else we use {s, t} where relevant. Let P = p(k) = { prime p : p | k } 
and Q = p(n) = { prime p : p | n }.

State ⓪ (⊥) — (symmetric) coprimality:
Except in the case 1 ⊥ 1, state ⓪ is ambidirectional because of its 

symmetry and the fact k and n must be distinct. 7 ⊥ 12, since 12 = 2² 
× 3 and 7 doesn’t appear among these factors. The prime 7 does not 
divide 12, hence it is coprime to 12. 1 ⊥ 5, since 1, the empty prod-
uct, is coprime to all n. Primes p, q, p ≠ q are coprime, any number 
and 1 are coprime, and 1 is coprime to itself.

State ① (◊◊) — symmetric semicoprimality:
State ① is ambidirectional and completely neutral, implying both 

k and n composite and distinct. Furthermore, both k and n must have 
more than 1 distinct prime divisor, since there must be symmetric 
difference between the sets of prime divisors of k and n. Examples: 6 
◊ 10 and 10 ◊ 6, since 6 = 2 × 3 and 10 = 2 × 5, (6, 10) = 2, and 3 ⊥ 5; 
both of these exceed 1. 60 ◊ 21 and 21 ◊ 60, since 60 = 2² × 3 × 5 and 
21 = 3 × 7, (30, 21) = 3, and 10 ⊥ 7; both of these exceed 1. 

State ② (◊|) and its reversal, state ④ (|◊) — Lean Divisorship:
State ② implies ω(k) > ω(n), while state ④ implies ω(k) < ω(n).

Primes are confined to rhs in state ②, and lhs in state ④. Because 
of divisibility and inherent inequality, the state is directional; d |◊ m 
implies d < m. The nondivisor m in this relationship has ω(m) > 1.  
Examples: 6 | 30 and 30 ◊ 6, 288 ◊ 96 and 96 | 288. 

State ③ (◊¦) and its reversal, state ⑦ (¦◊) — mixed neutrality:
These states are ambidirectional and completely neutral, implying 

both k and n composite and distinct. Generally, prime powers pε : ε > 
1 relate to composite m : ω(m) > 1 ∧ p | m in the mode pε ¦◊ m ∨ m ◊¦ 
pε. State ③ implies ω(k) > ω(n), while state ⑦ implies ω(k) < ω(n). 
Examples: 12 ¦ 30 and 30 ◊ 12, 12 = 2² × 3 and 30 = 2 × 3 × 5. 126 ◊ 
147 and 147 ¦ 126 since 126 = 2 × 3² × 7 and 147 = 3 × 7². 

State ⑤ (||) — (symmetric divisibility) equality:
This state implies k = n. It is symmetric and completely regular, but 

not neutral and admits all positive numbers. 
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State ⑥ (|¦) and its reversal, state ⑧ (¦|) — mixed regularity:
Let  d = min(k, n) and m = max(k, n). These states are completely 

regular, occurring entirely within Rκ, where κ = rad(m), d ≠ m ≠ 1. 
State ⑥ confines primes to lhs while state ⑧ confines primes to 
rhs, and m may not be squarefree. Because of divisibility and inher-
ent inequality, the state is directional. Let pa < pb be distinct com-
posite powers of the same prime p; therefore we have the relation 
pa |¦ pb. Hence, d = pε : ε ≥ 1 imply d |¦ m and d < m. Examples: 6 | 12 
and 12 ¦ 6, 20 ¦ 10 and 10 | 20. 

State ⑨ (¦¦) — symmetric semidivisibility:
This state is symmetrical, completely neutral, and completely reg-

ular, occuring within κ Rκ where 6 ≤ κ = rad(k) = rad(n) absent 
divisibility, k ≠ n ≠ 1, and both k and n composite. The state is am-
bidirectional in magnitude and as to multiplicity, but flat in terms of 
ω(κ). State ⑨ implies symmetric difference concerning multiplici-
ties of at least one prime divisor p | κ, hence both k and n are restrict-
ed to tantus numbers (in A126706) such that | k − n | ≥ κ for κ ≥ 6. 
Examples: 12 ¦¦ 18, 182 ¦¦ 361. This state is also known as nondivisor 
coregularity.

We summarize the constitutive (or Svitek) states in the following 
table. The symbolic abbreviation is covered in Table A. The col-
umn “sym.” is checked if the state is symmetric. The column “neut.” 
is checked if the relation is completely neutral, hence reserved for 
composites. The “reg.” column is checked if the relation is completely 
regular, meaning that for numbers s and t (independent of consid-
eration of rhs or lhs), rad(s) | rad(t). The “rev.” column lists that 
state that is the reversal or inversion of the state originally consid-
ered. We add a note that may show a restriction or show a couple 
examples of the state.

Table F.

Svitek binary  
relation abb. sym. neut. reg. rev. note

⓪ k ⊥ n ∧ n ⊥ k ⊥ ✓     ⓪ ∀ p, q, p ≠ q, p ⊥ q
① k ◊ n ∧ n ◊ k ◊◊ ✓ ✓   ① 6 ◊◊ 10
② k ◊ n ∧ n | k ◊|       ④ 30 ◊| 6
③ k ◊ n ∧ n ¦ k ◊¦   ✓   ⑦ 30 ◊¦ 12
④ k | n ∧ n ◊ k |◊       ② 10 |◊ 30
⑤ k | n ∧ n | k || ✓   ✓ ⑤ k || n ∴ k = n
⑥ k | n ∧ n ¦ k |¦     ✓ ⑧ 6 |¦ 12
⑦ k ¦ n ∧ n ◊ k ¦◊   ✓   ③ 20 ¦◊ 30
⑧ k ¦ n ∧ n | k ¦|     ✓ ⑥ 20 ¦| 10
⑨ k ¦ n ∧ n ¦ k ¦¦ ✓ ✓ ✓ ⑨ 12 ¦¦ 18

Theorems Pertaining to Constitutive States.
The following theorems, lemmas, and corollaries support the as-

sertions posited in the previous section. Most of these simply apply 
elementary number theory and basic logic.

The Cototient

Theorem G1: Let (k, n) = g. Numbers k and n in the cototient (i.e., 
g > 1) have difference | k − n | ≥ lpf(g). 

	 k ⊔ n ⇒ | k − n | ≥ A020639(g).	 [G1]	

Proof: We know that k ⊥ n : n = k ± 1 since 2 is the smallest prime. 
Suppose that both k and n are odd, and define odd prime q is the 
smallest prime that divides both. Suppose that n − k = p = 2. There-
fore, k ≡ n ≡ 0 (mod q). Since q is an odd prime, p < q. It is apparent 

k = n − 2 would mean that k (mod q) > 0, a contradiction. Further-
more, for all p < q, such is true, otherwise p | k ∧ p | n, contradicting 
the definition of q as least common prime factor of k and n. ∎
Corollary G2: Numbers k and n in the cototient (i.e., g > 1) have 
difference | k − n | > 1. 

	 k ⊔ n ⇒ | k − n | > 1.	 [G2]	

Semicoprimality

Theorem S1: Let P = { prime p : p | k } and Q = { prime q : q | n }. 
Semicoprimality k ◊ n implies | P ∩ Q | > 0. 

	 k ◊ n ⇒ | P ∩ Q | > 0.	 [s1]	

Proof. The definition of semicoprimality shows 1 < (k, n), with k 
≠ (k, n) ≠ n, hence semicoprimality is neither coprimality nor di-
visorship and pertains to composites. It is clear that we can find at 
least 1 common prime divisor p such that p | k and p | n. The defini-
tion of semicoprimality further shows that there is at least one prime 
q such that q | k but does not divide n, proving n-semicoprime k is 
n-nonregular. Therefore P ∩ Q ≠ ∅; it contains at least 1 prime, but 
P contains other primes that are not in Q. (Q is not restricted only 
to those primes in P; there may be primes that divide n but do not 
divide k.) ∎

Therefore symmetric semicoprimality is both ambidirectional in 
magnitude and completely ambiguous in terms of number of dis-
tinct prime divisors ω.

Theorem S2: Asymmetric semicoprimality k ◊⊔ n implies P ⊂ Q 
and ω(k) > ω(n). 
	 k ◊⊔ n ⇒ A1221(k) > A1221(n).)	 [s2]

Proof. We know (k, n) > 1 since k and n share at least 1 prime divi-
sor p, yet at least 1 prime factor q | k does not divide n via definition 
of semicoprime. Such implies k and n both exceed 1. Given n not 
semicoprime to k, then we are left with n | kε : ε > 0 (with respect 
to the context of coprime, semicoprime, and regular relations being 
mutually exclusive outside the empty product with domain ℕ). If n | 
k, then n < k and P ⊂ Q, hence ω(k) > ω(n). If n does not divide k, yet 
does divide some larger power of k, then, though we cannot speak to 
the relative magnitude of k and n, we are left with P ⊂ Q, hence ω(k) 
> ω(n), proving the proposition. ∎

Hence asymmetric semicoprime states are omega-directional.

Regularity

Theorem D1: Let d | m and d ≠ m. Asymmetric divisor states imply 
d < m. 
	 d | m ∧ d ≠ m ⇒ d < m.	 [d1]

Proof. Divisors d | m must be such that d ≤ m, however, d = m im-
plies that m | d as well. Therefore we are left with d | m such that 1 < 
(d, m) < t. Since d | m implies (d, m) = d, we see that indeed, d < m. ∎

Hence, asymmetric divisibility is directional.

Theorem R1: Semidivisor states k ¦ n imply rad(k) | rad(n). 

	 k ¦ n ⇒ A7947(k) | A7947(n).	  [r1]

Proof. The definition of k ¦ n is k | nε : ε > 1. If k divides some power 
of n but not n itself, it follows that no n-nondivisor prime q | k, else 
k would not divide any power nε : ε > 1 at all. Hence k is either an 
empty product (1) or it is a product of prime divisors p | n and, ad-
ditionally, P ⊆ Q. ∎
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Corollary R2: Semidivisor states k ¦ n imply ω(k) ≥ ω(n). 

	 k ¦ n ⇒ A1221(k) | A1221(n).	  [R2]

Theorem R3: Completely regular states ⑤⑥⑧⑨ imply rad(k) 
= rad(n) = κ. 

	 k || n ∨ k ¦| n ∨ k |¦ n ∨ k ¦¦ n ⇒ A7947(k) = A7947(n).	 [R3]

Proof. We approach this problem in parts. There are 2 species of 
regular numbers; divisors k | n and nondivisors, which we denote as 
semidivisors k ¦ n. Permuting these in binary relations we have the 
four mentioned in the proposition. Therefore we have 4 cases cor-
responding to states ⑤⑥⑧⑨, respectively, where state ⑧ is state 
⑥ reversed.

State ⑤: Lemma 5.1 shows that k || n implies k = n, hence the 
squarefree kernels of k and n are identical.

States ⑥⑧: Theorem D1 shows that asymmetric divisibility im-
plies min(k, n) | max(k, n), k ≠ n. Thus we can set d = min(k, n) and 
m = max(k, n) such that d < m. This simplifies cases k ¦| n and k |¦ n 
to d |¦ m and Lemma 68.2, where the proposition is locally proved.

State ⑨: Finally, we have the case k ¦¦ n, where the proposition is 
locally proved via Theorem 9.1.

Taken together, Lemma 5.1, Theorem D1, and Theorem 9.1 prove 
the assertions of the proposition. ∎
Corollary R4: Completely regular states ⑤⑥⑧⑨ imply ω(k) 
= ω(n). 
	 k || n ∨ k ¦| n ∨ k |¦ n ∨ k ¦¦ n ⇒ A1221(k) = A1221(n).	 [R4]

Hence completely regular states are flat in terms of number of 
distinct prime divisors (ω).
Coregular Numbers.

A special case of k regular to n concerns the condition rad(k) = 
rad(n) = κ (coregularity, symmetric regularity). This case implies 
both k, n ∈ {κRκ}, i.e., both k and n are κ-coregular. Coregularity 
pertains to completely regular states ⑤⑥⑧⑨, but is most useful 
regarding symmetric semidivisorship ⑨.

Lemma R5.1: For κ = 1, R₁ = {1}.
Proof: For k > 1, at least 1 prime p | k, and all primes are coprime to 
1, therefore, k such that k > 1 is nonregular to 1. ∎
Lemma R5.2: For κ = p prime, prime powers comprise pRp.
Proof: For κ = p prime, Rp = { pε : ε ≥ 0 }, hence pRp = Rp\ {1}, and 
all terms are prime powers. ∎
Lemma R5.3: For composite κ, the first term of κRκ is κ, while the 
remaining terms are neither prime powers nor squarefree (i.e., a “tan-
tus” number, k ∈ A126706).
Proof: The empty product 1 is n-regular for all n because 1 | n. 
Therefore, the first term in κRκ is κ × Rκ(1) = κ × 1. With κ ∈ A120944 
since κ is by definition squarefree, the sequence κRκ begins with 
squarefree κ followed by numbers k of the form mκ, where m ∈ Rκ 
and m > 1, as consequence of [1.1]. Therefore, aside from the small-
est term, k is neither squarefree nor prime power. ∎ 

Corollary R5.4: The second-smallest number k in κRκ is clearly 
the product pκ, where p = lpf(κ) = A020736(κ), since p is the suc-
cessor of 1 in Rκ.

Theorem R5: The infinite sequence κRκ, squarefree κ > 1, consists 
of prime powers for prime κ, otherwise, the first term is squarefree 
composite κ followed by tantus numbers (i.e., k ∈ A126706). Proof 
supplied by Lemmas R5.2 and R5.3.

symmetric semicoprimality

Lemma 1.1: Symmetric semicoprimality implies both k and n are 
composite. 
	 k ◊◊ n ⇒ k ∈ A2808 ∧ n ∈ A2808.	  [1.1]

Proof: Let (k, n) = g. Since 1 < g < k and g < n, k belongs to the 
cototient of n yet neither k | n nor n | k. Since primes p must divide 
or be coprime to other numbers, k ◊◊ n is restricted to composite 
numbers. ∎
Lemma 1.2: Symmetric semicoprimality implies both ω(k) and ω(n)
exceed 1. This is to say that both k and n are not prime powers.

	 k ◊◊ n ⇒ k ∈ A024619 ∧ n ∈ A024619.	  [1.2]

Proof: A number k semicoprime to n is defined as (k, n) > 1 yet 
there exists at least 1 prime q such that q | k but q ∤ n. Symmetric 
semicoprimality implies | P ⊖ Q | > 0. Since k and n are at least divisi-
ble by some common prime p, and since each has at least 1 prime fac-
tor q not shared with the other, at least 2 prime factors are implied for 
both k and n. Hence both have at least 2 distinct prime divisors. ∎
Corollary 1.3: Primes and multus numbers (composite prime 
powers) cannot be symmetrically semicoprime.

Corollary 1.4: Let (k, n) = g. The expressions k/g = u and n/g = v 
imply (u, v) = 1 and u, v > 1.

Lean Divisorship

Lemma 24.1: Let s = min(k, n) and let t = max(k, n). Lean divisor-
ship, an asymmetric semicoprimality, implies both ω(s) < ω(t) and t 
= ms such that integer m > 1. 
	 s |◊ t ⇒ ω(s) < ω(t) ∧ t = ms : m > 1. 	 [24.1]

Proof: t ◊ s implies that t is divisible by q > 1 : (q, s) = 1. s | t implies 
s < t (since s ≠ t else s | t ∧ t | s) and t = ms. ∎

Corollary 24.2:  Lean divisorship, an asymmetric semicoprimali-
ty, implies t cannot be a composite prime power.

	 s |◊ t ⇒ t ∉ A246547.	 [24.2]

Mixed Neutrality

Lemma 37.1: Mixed neutrality implies both k and n are composite. 

	 k ◊¦ n ⇒ k ∈ A2808 ∧ n ∈ A2808.	 [37.1]

Proof. We have shown k ◊ n implies composite k. n ¦ k implies 
composite n since 1 < (k, n) < n by definition of semidivisor n ¦ k as 
nondivisor regular n | kε : ε > 1. Hence k and n are neutral in both di-
rections, while a prime must either divide or be coprime to another 
number. Therefore both k and n are composite. ∎
Lemma 37.2: Mixed neutrality is omega-directional, that is, for k ◊ 
n and n ¦ k, i.e., k ③ n, ω(k) > ω(n), and for k ¦ n and n ◊ k, i.e., k ⑦ 
n, ω(k) < ω(n).

	 k ◊¦ n ⇒ ω(k) > ω(n) ∧ k ¦◊ n ⇒ ω(k) < ω(n)	 [37.2]

Proof: k ◊ n implies that k is divisible by q > 1 : (q, n) = 1, yet n is 
regular to k, meaning that n is a product of primes p | k and no prime 
q ∤ k. Further, n does not divide k, yet rad(n) | rad(k), and it is clear 
that ω(k) > ω(n). The same can be said, reversing the relations, so 
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that for k ¦◊ n, i.e., k ⑦ n, ω(k) < ω(n). ∎
Corollary 37.3: For k, n such that k ◊¦ n, k cannot be multus. 
Mixed neutrality and n = pε implies n : p(ε−j) | k ∧ j > 0.

Symmetric Divisibility (equality)

Lemma 5.1. Symmetric divisibility implies k = n, positive integers.

Proof. Divisors k | n are such that k ≤ n. Yet we have both k | n and 
n | k, and the only solution is that k = n, since all positive numbers 
divide themselves. ∎

Mixed Regularity

Lemma 68.1. Let d = min(k, n) and let m = max(k, n). Mixed regu-
larity ⑥⑧ implies d < m. 
	 d |¦ m ⇒ d < m.	 [68.1]

Proof. Since d | m and since m ∤ d, d < m. Instead m | dε : ε > 1. ∎
Lemma 68.2. Let S = rad(s) and T = rad(t). Mixed regularity ⑥⑧ 
implies S = T and ω(s) = ω(t).

	 s |¦ t ⇒ A7947(s) = A7947(t) ∧ 
	 A1221(s) = A1221(t).	 [68.2]

Proof. We see that s | t and t | sε : ε > 1. Another way to state the latter 
is that t is a product of p | s and not any q ∤ s. Therefore t shares some 
distinct prime factors p with s. In fact, s must have the same number 
of distinct prime factors p as does t, since s | t. Suppose prime P | s but 
not t. Then s would not divide t, instead we have s ◊ t. Now suppose 
prime P | t but not s. Then t | sε : ε > 1 is impossible, since there is no 
way to introduce the prime factor P in any power of s. Hence, the 
squarefree kernels of s and t are identical and thereby the number of 
distinct prime factors of both numbers is the same. ∎
Lemma 68.3. Let s = min(k, n) and let t = max(k, n). Mixed regulari-
ty ⑥⑧ implies a richness gradient between s and t such that, though 
ω(s) = ω(t), Ω(s) < Ω(t).

	 s |¦ t ⇒ A1222(s) < A1222(t).	 [68.3]

Proof. Consider prime power factors pδ | s and pε | t. We know all 
primes that divide s also divide t and vice versa. In order for t not to 
divide s, but s | t, we must have at least 1 prime p for which δ < ε. ∎

Corollary 68.4. s |¦ t implies t is not squarefree.

	 s |¦ t ⇒ t ∈ A013929.	 [68.4]

symmetric semidivisorship
Another way to approach symmetric semidivisors is to consider 2 

coregular numbers k and n (that have the same squarefree kernel κ) 
absent divisibility, i.e., both k ∤ n and n ∤ k.

Theorem 9.1: Symmetric semidivisibility ⑨ implies rad(k) = 
rad(n) = κ and ω(k) = ω(n).

	 k ¦¦ n ⇒ A1221(k) = A1221(n) ∧ 
	 A7947(k) = A7947(n) = κ 	 [9.1]

Proof: k ¦ n is defined as k | nε : ε > 1, thus, k must not be a prod-
uct of primes that do not divide n, otherwise k could not divide any 
power nε : ε > 1 at all. Since we also have n ¦ k, it is clear that primes 
p | k also divide n, hence the set of distinct prime divisors of k are 
those of n, and the product of the set is the same. Therefore rad(k) 
= rad(n) = κ. Furthermore this set has the same cardinality, hence 
ω(k) = ω(n). ∎

Corollary 9.2: Symmetric semidivisibility ⑨ implies p | k if and 
only if p | n and p | κ. Conversely, if (q, k) = 1, then (q, n) = (q, κ) = 1.  

Lemma 9.3: Consider prime power factors pδ | k and pε | n. Symmet-
ric semidivisibility ⑨ implies δ ≠ ε for at least 2 distinct primes that 
divide both k and n.

	 k ¦¦ n ⇒ | P ⊖ Q | > 0. 	 [9.2]

Proof. Theorem 9.1 shows that k and n share the same squarefree 
kernel κ, hence every prime p | k also divides n. If there were no fur-
ther differences between k and n, then we would have k || n, therefore 
k = n (state ⑤). Multiplicatively, the only way k and n differ, having 
the same squarefree kernel κ, is if multiplicities are as follows. Let 
us also consider prime power factors pα | k and pβ | n, and qδ | k and 
qε | n, p ≠ q. We must have α < β and δ > ε so that k does not divide 
n (thus state ⑥) and n does not divide k (thus state ⑧). If we had 
only 1 prime (say, p) such that the multiplicities pertaining to k and 
n were equal, we would again have asymmetric divisibility (mixed 
regularity). Hence, at least 2 prime power factors must have different 
multiplicities in k and n so as to have symmetric semidivisibility. ∎
Corollary 9.4: Let (k, n) = mκ = g, m ≥ 1.  The expressions k/g = u 
and n/g = v imply (u, v) = 1 and u, v > 1. Furthermore, uv = κ for ω(κ) 
= 2 and for ω(κ) > 2, rad(uv) | κ.

Corollary 9.5: Let prime p = lpf(n) and q be the second smallest 
prime divisor of n. For varius κ ∈ A120944, the smallest case of k ¦¦ n 
is given by { k = κp, n = κq }. 

Corollary 9.6. Symmetric semidivisibility ⑨ implies k such that 
pκ ≤ k < (n – κ), i.e., lpf(u) ≤ u < (v – 1).

	 k ¦¦ n ⇒ pκ ≤ k < (n – κ). 	 [9.6]

Theorem 9.7: Let pε be the largest power of p such that pε | n. Let 
rad(n) = κ, and let n/κ = m. For all n ∈ A126706 such that n/κ < q, 
i.e., n ∈ A360767, a(n) = 0.

Proof: Consider n = pδqQ where p and q are as defined and Q is a 
product of primes greater than q. Clearly, n = p(δ–1)κ. Recalling Lem-
ma 2.3, we may divide κRκ/κ and cancel κ to obtain Rκ. The first term 
of Rκ, i.e, Rκ(1), is the empty product 1, followed by lpf(κ) = p and 
all powers pi such that i ≤ ε. After pε, we have q. Hence we have the 
following power range of p bounded by q:

 	 P = { pi : 0 ≤ i ≤ ε },
	 = { pi : 0 ≤ i ≤ ⌊logp q⌋ }	 [9.7]

It is sure that we do not have any interposing products pq, since 
pq > q, yet pε < q. It is immaterial whether we have multiplicity for 
q that exceeds 1, since this only makes for larger products in Rκ. By 
same token, any larger prime and any multiplicity of these primes 
that exceeds 1 also only makes larger products that do not interpose 
amid terms of P. Within P, all terms divide pε. Therefore, all terms in 
κP divide n, leaving Sn = ∅, thus a(n) = | Sn | = 0. ∎
Corollary 9.8: Symmetric semidivisibility ⑨ implies k ∈ A360768 
and n ∈ A126706, where A360768 ⊂ A126706.

Lemma 9.9: Symmetric semidivisibility ⑨ implies | k − n | ≥ 6. 

	 k ¦¦ n ⇒ | k − n | ≥ 6.	 [9.9]

Proof. Since κ is squarefree and symmetric semidivisibility is com-
pletely neutral, κ is furthermore a varius number (i.e., squarefree 
composite, in A120944). Since the smallest varius number is 6 and 
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given Lemma 9.4, the smallest difference between symmetric semi-
divisors | k − n | = 6. ∎

general cototient

Theorem 10: For k > 1 and n > 1, k ∥ n or k ◊ n implies n ⊔ k.
Proof. For k > 1 and n > 1, k ∥ n implies rad(k) | rad(n) hence (k, 
n) > 1. Likewise, k ◊ n implies P(k) ∪ P(n) ≠ ∅, hence (k, n) > 1. The 
definition of n ⊔ k is (k, n) > 1. ∎

Summary of the Partition of the Cototient.
We may partition { ℕ \ {1} } ∋ k by (k, n) = 1 into the following:

Tn = { k : (k, n) = 1 }, a state we call coprimality,
Θn = { k : (k, n) ≠ 1 }, a state we call the cototient.

Consider RRS(n) = { k : (k, n) = 1 ∧ k < n } as the reduced residue 
system of n. Then | RRS(n) | = ϕ(n), the Euler totient function. The 
formula for the totient function appears below:

	 ϕ(n) = ∏
p|n

 (1 – 1/p).	 [3.1]	

From this formula, it is plain to see that we need only consider 
rad(n) = κ because multiplicity of any prime power factor of n or k is 
immaterial. Hence we hereinafter write Tn instead as Tκ.

Consider the residues mod n that are multiples of p | n:

	 { mp : p | n ∧ 1 ≤ m ≤ n/p }. 	 [3.2]

We can construct RRS(n) thus:

RRS(n) = { k = 0…n–1 } \  { mp : p | n ∧ 1 ≤ m ≤ n/p }.	 [3.3]

 It is well-known that we may also express Tκ as

	 Tκ = { k : (k mod n) ∈ RRS(κ) }.	 [3.4]

From this we recognize | Tκ | = ℵ₀, since there are an infinite num-
ber of k such that k mod n ≡ t, where t ∈ RRS(κ). Some call RRS(n) 
the “totient” of n, extending it to Tκ. By this, we arrive at a “cototient” 
that may be extended to the set Θκ of numbers k such that k mod n ≢ 
t, where t ∈ RRS(κ). Therefore, | Θκ | = ℵ₀ as well, and we can express 
Θκ as follows:
	 Θκ = { k : (k mod n) ∉ RRS(κ) }	 [3.5]

	Define function P(n) = { p : p | n }, 
	 ω(n) = | P(n) |, and
	 rad(n) = A7947(n) = ∏ P(n).

We determine precisely 2 species in the cototient:

Rn = { k : P(k) ⊆ P(n) }, k is n-regular,
Sn = { k : P(k) ⊖ P(n) ≠ ∅ }, k is n-semicoprime.

We may also rewrite P(k) ⊆ P(n) as rad(k) | rad(n), thus:

	 Rn = { k : rad(k) | rad(n) },	 [3.6]

and it is clear that we need only consider rad(n) = κ because mul-
tiplicity of any prime power factor of n or k is immaterial to n-regu-
larity. Hence we hereinafter write Rn instead as Rκ. Additionally we 
remark that n-regularity restricts k to a product exclusive of primes q 
that do not divide n, hence includes the empty product. We may also 
express this as follows:
	 Rκ =  ⊗

p|κ 
{ pε : ε ≥ 0 }.	 [3.7]

This expression implies | Rκ | = ℵ₀ for κ > 1, since | {pε : ε ≥ 0} | = ℵ₀. 
A consequence of restricting k to p | n allows the following:

	 Rκ = { k : k | nε : ε ≥ 0 }.	 [3.8]

As regards Sn and the expression P(k) ⊖ P(n) ≠ ∅, the latter can be 
rewritten as follows:

	 0 < | P(k) ∩ P(n) | < | P(k) ∪ P(n) |.	 [3.9]

Essentially, k is n-semicoprime if and only if k and n share at least 
1 prime factor p, but at least 1 prime factor q | k yet q ∤ n. Such im-
plies that n-semicoprime k is composite, since at minimum, k = pq. 
Furthermore, it is plain to see that multiplicity of any prime power 
factor of n or k is immaterial to n-semicoprimality. Hence we here-
inafter write Sn instead as Sκ. Finally, we may construct Sκ with κ > 1 
as follows:
	 Sκ = {Rκ \ {1}} ⊗ {Tκ \ {1}}. 	 [3.10]

This formula implies | Sκ | = ℵ₀ since we have shown that Rκ and Tκ 
are infinite. 

We partition the n-regular numbers k ∈ Rκ based on divisibility. 
Define Dn = { d : d | n }. The divisor counting function τ(n) is defined 
as follows:
	 τ(n) = ∏

pε|n
 (ε+1).	 [3.11]

It is clear from this equation that Dn is finite, and indeed cannot be 
substituted with Dκ since multiplicity ε is part of the formula. The 
equation also implies the following formula for Dn:

	 Dn = ⊗
p|n

{ pε : 0 ≤ ε ≤ δ },	 [3.12]

where pδ is the largest power of p that divides n. The following is a 
consequence of this expression of Dn:

	 Ðn = Rn \ Dn	 [3.13]
	 Ðn =  ⊗

p|n 
{ pε : ε ≥ 0 } \ ⊗

p|n
{ pε : 0 ≤ ε ≤ δ }.	 [3.14]

where rad(n) = κ. We call k ∈ Ðn a “semidivisor” of n. An n-semidi-
visor is a composite product restricted to primes p such that p | n, 
but k itself does not divide n. There exists at least one prime power 
divisor pε | k such that both pδ | n and pε > pδ, i.e., ε > δ. This implies 
the following:
	 Ðn = { k : k | nε : ε > 1 }.	 [3.15]

Figure 1 shows n = p⁴q³ in bold, with a box drawn around the divi-
sors of n, set within  Rκ where rad(n) = κ. It is clear for instance that 
Mintz [7] exploits the relationship of Dn to Rκ for κ = 6. It is also evi-
dent that the principles in [7] extend to any squarefree semiprime κ.

Figure 1.
•

5 q⁵ pq⁵ p²q⁵ p³q⁵ p⁴q⁵ p⁵q⁵

4 q⁴ pq⁴ p²q⁴ p³q⁴ p⁴q⁴ p⁵q⁴

3 q³ pq³ p²q³ p³q³ p⁴q³ p⁵q³

2 q² pq² p²q² p³q² p⁴q² p⁵q²

1 q pq p²q p³q p⁴q p⁵q

0 1 p p² p³ p⁴ p⁵

0 1 2 3 4 5 …

Hence the n-semidivisor and the n-divisor are 2 species of n-regu-
lar numbers Rκ = Rn, rad(n) = κ.

Let’s address the empty product, 1, which is coprime to all n and 
also divides all n, where n ∈ ℕ. Hence 1 ∈ Tκ and 1 ∈ Dn, and since 
Dn ⊆ Rκ, 1 ∈ Rκ. Finally, for n = 1, a number that is the product of no 
primes at all, T₁ = ℕ, R₁ = {1} since 1 | 1, and Sn = ∅.
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Figure 2 is a diagram of the partition of the cototient and the par-
tition of regular numbers into divisors and semidivisors. The empty 
product is ignored in this diagram for simplicity and clarity.

Conclusion.
This paper lays out basic parameters of the relation of two sets of 

primes, P and Q, and therefore their products, k and n, respectively, 
using elementary number theory.

We have described three basic relations: coprimality, regularity, 
and semicoprimality. These govern three infinite subsets of the natu-
ral numbers with regard to a number n > 1. For n = 1, we only have 1 
regular to 1, and all natural numbers are coprime to 1.

We have partitioned the cototient into 2 species; regularity and 
semicoprimality, and we have partitioned regularity into divisors 
and semidivisors. Coprimality and regularity are distinct except as 
regards the empty product 1, which is at once coprime to all natu-
ral numbers, as well as a divisor of and hence regular to all natural 
numbers.

Along with prime numbers, we have divided the composites into 
subsets based on the number of distinct prime factors, and whether 
or not these numbers are squarefree. These are the multus, varius, 
tantus, and plenus numbers, which serve as aids toward constitutive 
analysis on account of limiting the number of distinct prime factors 
and the multiplicity of any prime power factors.

We described the nature of six basic relationships in the cototient, 
and proved certain aspects of these relationships.  ••••

⊥
Coprimality

(k, n) = 1
P(n) ⋂ P(k) = ∅

◊
Semicoprimality

1 < (k, n) < k
0 < | P(k) \  P(n) | < | P(k) ⋃ P(n) |

∥
Regularity

1 < (k, n) ≤ min(k, n)
and k > 1, n > 1

rad(k) | rad(n)
k | nε : ε ≥ 0

|
Divisorship

(k, n) = k
k mod n ≡ 0

rad(k) | rad(n)
k | nε : 0 ≤ ε ≤ 1

¦
Semidivisorship

rad(k) | rad(n)
k | nε : ε > 1

⊔
Cototient

(k, n) > 1
P(n) ⋂ P(k) = ∅

Figure 2: Diagram of the partition of the cototient into n-semicoprimality and n-regu-
larity, and partition of n-regularity into n-semidivisorship and n-divisorship. From the 
“free ends” of the partitions of the cototient, and considering coprimality, we derive eight 
principal relational states between k and n. Semicoprimality regarding n, being neither 
coprimality nor n-divisorship, is n-neutral, along with n-regularity, hence these relations 
are the province of composites.
We note that the empty product k =1 presents a special case as both n-regular and coprime 
to n, hence not technically of the cototient of n, though 1 | n and is hence n-regular.
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Appendix Table 1.
The following chart proves handy in creating individual tests for 

each constitutive state. Note well: we generally deem either k = 1 or n 
= 1 to be state ⓪, and k = n = 1 to be state ⑤, if not in separate states 
entirely that do not appear in this chart.
State Tests Description

⓪ (k, n) = 1. Coprimality.

① k, n ∈ A024619 ∧
k ≠ n ∧ 
(k, n) > 1 ∧ 
rad(k) ∤ rad(n) ∧ 
rad(n) ∤ rad(k).

Symmetric semicoprimality.
Non prime powers that are unequal, in 
cototient, absent divisibility among their 
squarefree kernels.

② k ∈ A024619 ∧	
k > n ∧ 
n | k ∧ 
ω(k) > ω(n).

Lean Divisorship.
n divides k yet k has a factor q > 1 that 
does not divide n.

③ k ∈ A024619 ∧ 
n ∈ A2808 ∧ 
k ≠ n ∧ 
rad(n) | rad(k) ∧ 
ω(k) > ω(n).

Mixed Neutrality.
Both k and n are composite and unequal, 
but k is not a prime power. k has more 
distinct prime factors than n, and the 
squarefree kernel of n divides that of k.

④ n ∈ A024619 ∧ 
k < n ∧ 
k | n ∧ 
ω(k) < ω(n).

Lean Divisorship.
k divides n yet n has a factor q > 1 that 
does not divide k.

⑤ k = n. Equality.

⑥ n ∈ A013929 ∧ 
k < n ∧ 
k | n ∧ 
rad(k) = rad(n) = κ.

Mixed Regularity.
k < n, k divides n, n not squarefree,  and 
shares the squarefree kernel of n.

⑦ k ∈ A2808 ∧ 
n ∈ A024619 ∧ 
k ≠ n ∧ 
rad(k) | rad(n) ∧
ω(k) < ω(n).

Mixed Neutrality.
Both k and n are composite and unequal, 
but n is not a prime power. n has more 
distinct prime factors than k, and the 
squarefree kernel of k divides that of n.

⑧ k ∈ A013929 ∧ 
k > n ∧ 
n | k ∧ 
rad(k) = rad(n) = κ.

Mixed Regularity.
k > n, n divides k, k not squarefree, and 
shares the squarefree kernel of k.

⑨ k, n ∈ A126706 ∧ 
k ≠ n ∧ 
k ∤ n ∧ 
n ∤ k ∧ 
rad(k) = rad(n) = κ.

Symmetric Semidivisibility.
(Coregularity absent divisibility)
k and n have the same squarefree kernel, 
absent divisibility.

Note 1.
Handling the emergence of the empty product 1 may necessitate 

separate states as follows:
⑩	 k = n = 1. Usually rendered as k ⑤ n.
⑪	 k = 1 ∧ n > 1. Usually rendered as k ⓪ n.
⑫	 k > 1 ∧ n = 1. Usually rendered as k ⓪ n.
These states accommodate the property of 1 both as divisor of n 

and coprime to n.
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Code:
[c1]	Program assigns constitutive states to a pair of positive numbers:

conState[j_, k_] := 
 Which[j == k, 5, GCD[j, k] == 1, 0, True, 
  1 + FromDigits[
    Map[Which[Mod[##] == 0, 1, 
	 PowerMod[#1, #2, #2] == 0, 2, True, 
         0] & @@ # &, Permutations[{k, j}]], 3]]

[c2]	Generate powerful, multus, varius, tantus, and plenus numbers:
a1694 = With[{nn = 2^40}, 
   Union@ Flatten@
     Table[a^2*b^3, {b, nn^(1/3)}, {a, 
       Sqrt[nn/b^3]}]] (* Powerful *);
a246547 = Select[a1694, PrimePowerQ] (* Multus *);
a286708 = Rest@ Select[a1694, Not@*PrimePowerQ] 
  (* Plenus *);
a126706 = Block[{k}, k = 0;
   Reap[Monitor[Do[
       If[And[#2 > 1, #1 != #2] & @@ 
         {PrimeOmega[n], PrimeNu[n]}, 
        Sow[n]; Set[k, n] ],
       {n, 2^21}], n]][[-1, -1]]] (* Tantus *);
a120944 = Block[{k}, k = 0;
   Reap[Monitor[Do[
       If[And[CompositeQ[n], SquareFreeQ[n]], Sow[n];   
         Set[k, n] ],
       {n, 2^21}], n]][[-1, -1]]] (* Varius *);

[c3]	Tests designed for states except ⓪ and ⑤:
state1[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, 
  AnyTrue[{j, k}, PrimePowerQ], False, True, 
  Nor[Divisible[#1, #2], Divisible[#2, #1]] & @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

state2[j_, k_] := 
 And[! PrimePowerQ[j], Divisible[j, k], PrimeNu[j] > 
PrimeNu[k]]

state3[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, AnyTrue[{j, 
k}, PrimeQ], 
  False, PrimePowerQ[j], False, True, 
  And[PrimeNu[j] > PrimeNu[k], Divisible[#1, #2]] & @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

state4[j_, k_] := 
 And[! PrimePowerQ[k], Divisible[k, j], PrimeNu[j] < 
PrimeNu[k]]

state6[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, SquareFre-
eQ[k], False, 
  True, And[Divisible[k, j], Divisible[#1, #2]] & @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

state7[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, AnyTrue[{j, 
k}, PrimeQ], 
  False, PrimePowerQ[k], False, True, 
  And[PrimeNu[j] < PrimeNu[k], Divisible[#2, #1]] & @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

state8[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, SquareFre-
eQ[j], False, 
  True, And[Divisible[j, k], Divisible[#2, #1]] & @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

state9[j_, k_] := 
 Which[j == k, False, GCD[j, k] == 1, False, 
  AnyTrue[{j, k}, Or[PrimePowerQ[#], SquareFreeQ[#]] 
&], False, True, 
  And[Nor[Divisible[j, k], Divisible[k, j]], #1 == #2] 
& @@ 
   Map[Times @@ FactorInteger[#][[All, 1]] &, {j, k}]]

Concerns sequences:
A000040: Prime numbers.
A000961: Prime powers.
A001221: Number of distinct prime divisors of n, ω(n).
A001694: Powerful numbers.
A002808: Composite numbers.
A003586: Numbers of the form 2i × 3j, i ≥ 0, j ≥ 0.
A003592: Numbers of the form 2i × 5j, i ≥ 0, j ≥ 0.
A005117: Squarefree numbers.
A007947: Squarefree kernel of n; rad(n).
A013929: Numbers that are not squarefree.
A024619: Numbers that are not prime powers.
A120944: “Varius” numbers; squarefree composites.
A126706: “Tantus” numbers neither prime power nor squarefree.
A246547: “Multus” numbers; composite prime powers pε : ε ≥ 1.
A286708: “Plenus” numbers, products of multus numbers.
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