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Abstract

This paper describes several conditions that pertain to the
appearance of terms in OEIS A244052, “Highly regular numbers
a(n) defined as positions of records in A010846.” The sequence
is arranged in “tiers” T wherein each member n has equal values
w(n) = OEIs Aoo1221(n). These tiers have primorials p, # = OEIs
2002110(T) as their smallest member. Each tier is divided into
“levels” associated with integer multiples kp,# with 1 <k <p .,
" Thus all the terms of OEIS A060735 are also in A244052. Mem-
bers of A244052 that are not in Ao60735 are referred to as “turbu-
lent terms.” This paper focuses primarily on the nature of these
terms. We give parameters for their likely appearance in tier T as
well as methods of efficiently constructing them. We compare the
sequence a(n) produced by this necessary-but-insufficient set of
conditions with actual data from A244052 and show that the se-
quence a(n) can serve as prevalidated candidates for testing for in-
clusion in A244052. Finally, the paper explores computation meth-
ods related to a(n) and A244052.

1. Introduction

This paper presumes an understanding of the concepts of prime
and composite numbers and the Unique Factorization Theorem
that pertains to the prime decomposition of nonzero integers. Also
presumed is the notion of divisibility and coprimality, of the great-
est common divisor (i.e., the highest common factor) of two inte-
gers, that 1 is the “empty product” and a divisor of all integers that
is simultaneously coprime to all integers.

Hereinafter we shall refer to the Online Encyclopedia of In-
teger Sequences as “0E1s.” This is a peer-reviewed cataloged and
searchable repository of integer sequences. We shall refer to the
OEIS when integer sequences of interest appear in the database.

MULTIPLICITY NOTATION. Let n be a positive nonzero integer.
We can write 1 as the product of primes thus:

(1.1) n=p 1 xp2x..xpfk
withp <p,<...<p,

The numbers e are multiplicities of primes p that are factors of
n. This is the standard form of prime decomposition of n. If the
primes that divide n are small and the set compact, we can con-
veniently “abbreviate” the standard form by using a sort of posi-
tional notation such that position k signifies PriME(k), with the
value e, written in position k. For example, =75 = 3 x 5%, thus we
would write 210, with zero holding the place of 2 (as another way
of writing 75 is 2°x 3! x $%). This notation is embodied in OE1s
A054841. We need not conjoin the multiplicities e (since once e >
9, the notation would not be able to express n properly in deci-
mal) nor would the order of places need be bigendian. We could
instead express 75 = 2°x 3! x 5?as {0, 1, 2}. We shall refer to this
notation simply as “multiplicity notation”. Since all cases in this

paper involve numbers whose factors have multiplicities that never
approach 9, we will simply concatenate the digits, thus rendering
75={0,1,2} as “012”.

In multiplicity notation, a zero represents a prime totative g <
GPE(n) = A006530(n), the greatest prime factor of n. Indeed the
multiplicity notation A054841(n) of any number n does not ex-
press the infinite series of prime totatives g > GPF(n). We could
also write A054841(75) = 01200000.. ., with an infinite number of
zeroes following the 2. Because it is understood that the notation
“012” implies all the multiplicities “after” the 2 are 0.

REGULARS. Consider two positive nonzero integers m and n. The
number m is said to be “regular to” or “a regular of” n if and only if
m | n® with integer e > 0. This paper is concerned with 1 <m < nbut
clearly m > n also can divide n° and be called “regular to” n.

It is plain from this definition that regular m may divide n', thus
divisors m = d | n are a special case of regular number with respect
to n. We can say that if d | n then d is regular to 7.

Another way to think of regular m of n is this. The number m
is said to be “regular to” or “a regular of” » if all prime divisors p of
m also divide n and no primes g coprime to n divide m. The empty
product 1 is regular to n since there are no primes g coprime to n
that divide 1.

We know that if m | n* then m | n** " since incrementing the in-
teger power of n does not reduce the set of distinct prime divisors.
This implies there is a least exponent p such that m | n? that would
have m | n®-"false. In the case of divisors d, we have two cases.
Ford=1,1|n"thus p=0.Ford > 1,d | n', thus p = 1. Let us call
the least exponent p the “richness” of regular m with respect to n.

We can “search” for by using a while statement and iterating p.
There is a way to definitely compute p. Let’s consider some facts
about regular m of n in the range 1 <m < n.

11
The only number in the range of n = 1 is 1 itself; since 1 divides

allintegers, 1 is regular to itself. Thus 1 | 1° and the maximum p =0
for regular m in the range of n forn = 1.

1|n°
We know that divisors d are regular and that 1 is a divisor of
all integers n. Therefore 1 is regular and 1 | n'. However, we know

that all numbers divide themselves thus 1 | 1 and we know n° = 1.
Therefore 1 | n° for all integers n. Thus for m = 1, p = 0 for all n.

d|n'
The definition of a divisor d of n is that d | n. We know that
n = n'. Thus for all divisors d of 1, p = 1 by definition. This sug-
gests that p > 1 for nondivisor regular m, i.e., for m that are “semi-

divisors” of n. This implies, perhaps obviously, that the maximum
power p of n such that all regular m | n is 1.



p|n'andm|p'

Consider prime p regular to n > 1. It is clear that p must divide
n. Thus richess p = 1 for prime p regular to n > 1. (Note there are
nop <1 regularto 1).

Consider n = prime p. Then all regular 1 < m < p must divide
p- To be sure, the only regulars in this range are 1 and p. Thus the
richess p = 1 for all regular m > 1 of prime p, since all regular m of
prime p are divisors of p.

m | n' for n=p*

Consider 1 < m < p i.e., regulars m in the range of a perfect
prime power with k > 1. Since there is one distinct prime divisor p
of perfect prime power p¥, the only regular numbers in this range
are the powers p* < p¥ ie, {1,p, p% ..., p* Y, p*} withO < e < k. It
is clear that all such powers divide p*, thus all regular 1 < m < p*are
divisors of p*. Therefore p = 1 for all regular m > 1 of prime p.

We can generalize and say that m | n' for n with w(n) = 1, i.e., for
n with one distinct prime divisor p. This implies that, across all reg-
ulars in the range of 1, the maximum value of p such that m | n? for
n prime or n = p* is 1. We can consider the set of divisors a 1-rank
tensor that is the power range of the prime divisor p bounded by n,
i.e., p raised to the powers 0 < e < k.

Semidivisor m | n? with p > 2

It is easy to show that there is at least 1 nondivisor regular m
(semidivisor m) in the range 1 < m < n for composite n > 4, and
that such m must be composite, since prime m must either divide
or be coprime to any n. The only composite regular is m = 4 for n
=4, 4|4 and 4 is the smallest composite number, thus there are no
semidivisors for n = 4. This implies that, across all regulars in the
range of composite n > 4, the maximum value of p exceeds 1, while
for n = 4, maximum p = 1.

Nondivisor regular m have at least one prime p | n whose mul-
tiplicity in m exceeds that in n. An example of this is m = 4, n = 10;
Gcp(4, 10) = 2, but the multiplicity of 2 in 4 is 2, while that in 10
is 1. Therefore, 4 does not divide 10 despite the fact it is regular to
10. Another way to look at this is that nondivisor regular m are “too
rich” in the prime p to divide n. Suppose the prime decomposition
of semidivisor m = p’ x ¢/ while n = p* x g x ", with p < q < r prime
and i > j > k > £. Considering only the primes common to both m
and n, richness can be computed thus:

(1.2)

REGULAR COUNTING FUNCTION. Let (1) = OE1s A010846(n) be a
function that counts the number of regulars of n. We can call r(n)
the “regular counting function,” akin to the divisor counting func-
tion. There are several practical methods of counting the regulars
of n that we will explore in greater depth in Section 4. Values of
r(n) for 1 < n < 540 appear in Appendix Al.

p = Max(ceiLING(i/k), ceiLiNg(j/£)).

A244052. Let a(n) = OEIS A244052(n) be an integer sequence in
which those numbers b that “set records” for the value of (b). In
other words, sequence A244052 can be defined thus:

A244052(1) = 1,and

A244052(n) is the least number k > A244052(n— 1)
such that A010846(k) > A010846(a244052(n—1)).
Values of A2440352 appear in Appendix B1.

PRIMORIAL. A “primorial” is the product of a contiguous and distinct
set of the smallest primes starting with p, = 2. The first primorials are:

2=2,
6=2x3
30=2x3x%xS§

210=2x3x5x%x7
thus, p, # is the product of the smallest k primes, with none of the
primes having multiplicity e > 1, and the number w(p,#) of the
distinct prime divisors is k, with w(n) = oE1s Aoo1221(n). The se-
quence of primorials are found at OEIS Aoo2110. For the purposes
of this paper, we will call p # the “primorial on k.”

Primorial p # is the smallest number 7 to have w(n) = k distinct
prime factors, since the product is made by multiplying p, ,#
with the prime p,. By definition, there are no interposing primes
between p, ) and p,. Multiplying p, ,,# with any other prime
P, with integer i positive, not already in the sequence will pro-
duce a number p,_\# p, ., > p# (Multiplying p,_ # with a
prime that is a factor of same produces a number with k — 1 distinct
primes with one prime having multiplicity e = 2.)

2. The T-Rank Regular Tensor of n.

The distinct prime divisors p of n determine the number of “di-
mensions” in the “matrix” or rank of the tensor of regular numbers
m of n. Multiplicity of any prime merely increases the bound im-
posed on the infinite tensor. The next section expounds upon this.

Using the algorithms mentioned above, we can generate the
regular m of n a number of ways. The result is a list. For example,
the regulars 1 <m <nofn=10are {1,2,4,5, 8, 10}.

We can approach generating the regulars of n in a way akin to a
way divisors might be arranged according to the divisor counting
function.

TENSOR IMPLIED BY DIVISOR COUNTING FUNCTION. Let’s Jook at
the divisor counting function, keeping in mind the standard form
of prime decomposition of n (Formula 1.1):

(2.1)

We could produce an w(n)-rank tensor D that contains all the
divisors of n. Divisor tensor D is thus the product of the power
ranges P of each prime divisor p of n such that all powers are inte-

gers that divide n, i.e., {1, p, p% ..., p} :

(n) = (e, +1) x (e,+ 1) x ... x (e, +1)

Py
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Figure 2.1 shows the divisors of n = p? x p.. The rank of the ten-
soris 2 since w(n) = 2. It follows from Formula 2.1 that n with 3 dis-
tinct prime divisors would produce a 3-rank tensor of divisors, and
those with a single prime divisor would produce a 1-rank tensor of
divisors, etc. The divisor counting function 7(n) is the product of
the w(n) terms (e, + 1).

Thus we can arrange the divisors of any nonzero positive inte-
ger n into w(n)-dimensional array, i.e., w(n)-rank tensors. Further
examples appear in Figure 2.2. “Rasterized” versions of these ten-
sors appear in OEIS A275055.
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THE INFINITE REGULAR ARRAY. We can build a tensor that contains
all the regulars 1 < m < n of n in a related manner. First let’s return to
the notion that there is an infinite set of regular m of , and that the
set of m need not be bound by . In this case there is an infinite array
I of regular m purely dependent on the distinct prime divisors p of n.
Numbers 7 that have the same squarefree kernel 0E1s A007947(n)
share the same infinite array of regulars. These might be annotated
according to A007947(n) thus: I . is the infinite array of regulars of n
={6,12,18,24, 36,48, 54,72,96,108, ...},i.e, numbers n that share
the same value of A007947(1n) = 6. Thus we might note the infinite
array of regulars generally I " .
OEIS sorted. For example, I, = 2" = 4000079, I = the 3-smooth num-

Some such arrays appear in the

bers, 4003586, I = A003592. The infinite regular arrays I represent a
T-rank tensor that is the tensor product of the infinite prime power

ranges p(®~=) of the prime divisors of A007947(n).
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Figure (2.3) shows the origin and environs of the infinite array
of regular numbers of a 3-smooth number n. Observe that we can
derive both the set of divisors and the set of regulars of any number

nfrom I .
2007947(n)

THE REGULAR TENSOR AS AN EXTENSION OF D. Considering the
numbers regulars 1 < m < n of n bounds the power ranges P of the
prime divisors p such that no power p* > n. Additionally, the w(n)-
rank tensor R of regular 1 < m < n of n derives from I bounded
by n. The divisor tensor D is the product of power ranges P such
that all integer powers divide n, while the regular tensor R is the
product, bounded by n, of power ranges P also bounded by n. The
first is an orthogonal array, the latter involves an irregular “surface”
that is bounded by 1, and both are contained in I. The geometry of

R approximates an w(n)-dimensional right simplex with a curved
non-orthogonal sheet that joins the largest values of all distinct
prime power ranges P bounded by n.

For n with w(n) = 1, R=D, i.e,, the regular array is the divisor
array, since the only regular 1 < m < n of n that is prime or a perfect
prime power are m | 1, i.e., divisors of n.

For n with w(n) = 2, R appears as a roughly “triangular” chart
when we have w(n) = 2. The prime power ranges form the orthog-
onal sides of the “triangle,” while the “hypotenuse” is actually a
quasi-curve bounded by n. Figure (2.4) shows three values of n that
share the same infinite regular array. Note that the divisors of n
occupy a rectangle defined by the empty product at the upper left
and n itself at the lower right. The divisors of n appear in a “box”
inscribed in the “triangle.”

(FIG. 2.4)
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For n with w(n) = 3, R appears as a 3 dimensional analog to
the “right triangular” charts above, i.e., a “tetrahedron” with three
orthogonal surfaces and one irregular sheet bounded by n. The di-
visors occupy a 3 dimensional “box” inscribed in R.

(F1G. 2.5): n =30
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THE GENERAL GEOMETRY OF R. Generally, for n with w(n) =
3, the geometry of R is that of a w(n)-dimensional simplex with
orthogonal axes that are distinct prime divisor power ranges P
bounded by n and one compound curved sheet or surface bounded
by n that joins the largest values in all P. Inscribed with in R is D,
occupying all w(n) dimensions from the origin at the empty prod-
uct (i.e., 1) diagonally through w(n)-space to n in the inexact mid-
dle of the curved sheet. D has all orthogonal axes and is a w(n)-di-
mensional parallelotope easily described by algorithm implied by
the divisor counting function 7(n). “Rasterized” or “line-by-line”
versions of tensors R appear in OEIS A275280.

The geometry of the curved sheet may be amenable to calculus
and is beyond the scope of this paper.

“CoMPACT” SET OF DISTINCT PRIME DIVISORS. Let’s return to the
notion of R as produced by distinct prime divisor power ranges P
bounded by n. It follows that when the distinct prime divisors p are
more similar, the resultant matrix is closer to a square, since their
power ranges P bounded by n have a similar number of terms. Let’s
disregard the fact that when we switch out a smaller for a larger
prime the magnitude of n increases and thus expands the bound
on R, since the infinite regular arrays I are necessarily distinct. To
compensate, we can examine two examples involving identical val-
ues of w(n) with comparable magnitudes. Let’s look at the effect of
the power ranges P on the overall shape of R.
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Figure 2.6 shows the range of P, is similar, but that of P_and
P, are markedly different. Despite the fact that 46 and 48 are rath-
er similar in magnitude, the factor 3 admits more regulars from I
than 23 does from I, . There is some dependency of r(n) on the
length of the power ranges P, but due to the bound imposed by 1,
we cannot compute r(n) exactly using those lengths. The number
of terms in the distinct prime divisor power ranges P bounded by
n can be computed thus:

(2.2)

§,=1+ FLOOR(IOgP n)

Suppose we have two primes, p, < p,. Then the length of the prime
power range bounded by 1,8, > §, of p, and p, respectively. The fact
that the power ranges P bounded by n are shorter for larger prime
divisors p implies that a “compact” set of prime divisors makes for a
more “efficient” configuration of prime factors, that is, more terms
in regular tensor R for numbers comparable in magnitude.

3. The Effect of Multiplication on Tensor R.

Let’s consider the effect of multiplication on the tensor R. A
prime number must either divide or be coprime to n. Therefore we
consider the following cases.

CasE 1 involves pn, the product of n and a prime p that di-
vides n. Since p by definition is prime, the product pn > n. In
Section 2 we saw that numbers n that have the same square-
free kernel OEIS A007947(n) share the same infinite array
I of regulars. It follows that Aoo7947(n) = Aco7947(pn),
since the prime p already occurs among the prime divisors
of n, i.e., w(n) = w(pn). The multiplicity of p in nincrements
by 1 and must be greater than 1. No new prime divisors are
introduced and none are lost, thus the squarefree kernel of n
is that of pn. Since w(n) = w(pn), the rank of the infinite reg-
ular tensors is the same. These facts together imply the new
tensor R’ is merely I bounded at a larger value pn. There-
fore, multiplication of n by a prime p | n merely increases the
bound and admits more regular terms in the infinite regular
array I common to both n and pn.

CASE 2 involves gn, the product of n and a prime g coprime
to n. Since q by definition is prime, the product gn > n. The
infinite regular array of n cannot be that of gn, since the dis-
tinct prime factors of gn have an additional prime factor g
missing in n, i.e., Aoo7947(n) * Aoo7947(qn). Furthermore,
w(n) < w(gn), more precisely, w(qn) = w(n) + 1. This im-
plies the new infinite array I’ pertaining to gn has a higher
rank than I pertaining to n. Specifically, I'has 1 more dimen-
sion than L Since gn > n,I'is bounded at a larger value. The
distinct prime power ranges P of n appear in I' and all the
terms for each prime divisor p that are less than gn occur in
I' along with those attributable to q. Therefore r(qn) must
be significantly larger than r(n).

CASE 3. Suppose we want to conserve the value of w(n).
Case 1 above conforms to such conservation but Case 2
violates it. We can, however, “bargain away” one prime p,
for a prime g to have gn/p . This way, w(qn/p,) = w(n) and
the regular tensors of both have the same rank. Now sup-
pose n is a primorial p, #. This implies that q is larger than
all the prime divisors p of p,# and gn/p, > n. Also implicit
is the fact that g, the smallest prime totative of n, is larger
than that of gn/p,. Further, a number gn/p, with primorial
n signifies p is the smallest prime totative of gn/p,. Since
p,<q,andqn/p, >n,|f(n,p )| >|f(n,q,)|. Thisimplies that,
although r(gqn/p,) may exceed r(n), qn/p, certainly is less
“efficient” at producing regulars; indeed the magnitude of
the larger number might only be overcoming the reduced ef-
ficiency. Thus we may see certain numbers like gn/p, among
the terms of A244052, but they would obviously succeed any
primorial.

The preceding cases reveal several important considerations
regarding multiples of n and how they relate to n. Firstly, mul-
tiplication of n by a divisor d, even if not prime, shares the same
w(n)-dimensional infinite regular array I with n, thus Ris fully con-
tained in R’ of dn, and all the regulars 1 < m < n of n are regular to
dn. Secondly, multiplication of n by a number ¢ coprime to #n adds
one or more dimensions to the infinite regular array, significantly
increasing the number of regulars in R’ of tn, while tn > n and w(tn)
> w(n). Again, Riis fully contained in R’ of tn, and all the regulars
1 <m < n of nare regular to tn. However, some numbers regular to
tn are nonregular to n. If we impose the constraint that the value of
w(n) must be conserved, we have a third case that has us lose one
prime divisor p, of 7 to gain a prime divisor q coprime to 7.

In this case, the regular tensors of both 7 and gn/p have the same
rank. If nis a primorial, the least prime totative g, of n, is larger than
that of gn/p L which must be P, Therefore

|f(ﬂ,p1)| > |f(1’l, ql)l’
implying qn/p, certainly is less “efficient” than primorial # in gen-
erating regulars despite the fact that r(qn/p,) may exceed r(n).
That latter fact may only be an effect attributable to gn/p, > n.

4. The Regular Counting Function

We can construct the set R of numbers m < n regular to n. The
regular function r(n) = the number of terms in R. There are four
practical approaches that can calculate r(n) for n < p # or less. Per-
haps the simplest conceptually is the factor subset approach, i.e.,
that regular m has no prime divisors q coprime to n. Next is the
congruency approach, taking advantage of the fact that regular m
| n¢. One notable method maps a M6bius function across the to-
tatives, or numbers t coprime to b, i.e, GcD(t, b) = 1. The most
efficient method of computing the number of regulars r(n) is to
construct all the regulars m in the tensor R rather than test all the
numbers 1 < k < n to see if k is m regular to n.

Following are algorithms that can construct R or compute ().

1. FACTOR SUBSET APPROACH.

This approach is predicated on the fact the prime factors p of
m are a subset of those of n. This strategy involves factoring n and
memoizing the set D of distinct prime divisors p. The result is con-
struction of the set of regular m of n. It is perhaps the most concep-
tually straightforward method but is not as efficient as other meth-



ods of computing r(n). Using this method we have to account for
the fact that the empty product m = 1 is regular to all n as it may be
missed by algorithms that deal with primes.

Example: the prime factors of 12 = {2, 3}. Factor each k in a
loop structure or function and check if each distinct prime factor
of k is a member of the set D. We could also check if the prime
divisors of k are a subset of those of n. If all the primes p | k are
members then k = m is regular to n. We can use Boolean values for
True results and multiply the set; if we get a product 1, then k =m
is regular to n; if 0, then k is nonregular. Example; k = 6 of n = 12;
6 has the prime divisors {2, 3} and both of these are members of
D = {2, 3}, thus the program would get {True, True}, Boolean
valueis {1, 1}, the productis 1, thus k = m = 6 is regular to n = 12.
Another example; k = 14, n = 15; k has the prime divisors {2, 7}
and n has {3, 5}. Thus the program would render {False, False},
the Boolean value of which is {0, 0}, and the product of these is 0
so k = 14 is nonregular to n = 1.

The following algorithm constructs all regular m of n:

(CODE 4.1)
f[n_] := Function|[d,
{l}~Join~Select[Range[2, n],
SubsetQ[d, First /@ FactorInteger@ #] &]]1I[
First /@ FactorInteger@ n]

The program requires about 100 seconds to generate r(p, #).

2. CONGRUENCY OF 1 AND n”.

These tests take advantage of the fact that regular m | n?, there-
fore we can write a congruency test. It is computationally more
expensive to find the very smallest exponent p that satisfies the
congruency. Thus let’s look for computationally simpler “sure-
fire” tests.

See OEIS A280269 for values of p across the regulars in the range
of n. The sequence OEIS A280274 gives the maximum value of p
across regulars in the range of n. Examining this data seems to sup-
port the conjecture that maximum p is relatively small compared
to n and even any regular 1 < m < n. For m = 1, p = 0; m prime,
p =1,and m composite, p varies as to multiplicity ratios. Generally,
richness p varies as to the multiplicity ratio of a certain prime factor
p common to m and 1 (see Formula 1.1)

What is the largest possible multiplicity that can be obtained
for any integer 1 < k < n? Since 2 is the smallest prime and thus the
multiplicity of 2 can escalate to be the largest among all multiplici-
ties in the same range, the number k with the largest multiplicity in
the range must be a power of 2. Indeed it must be the largest power
of 2 less than or equal to n. There is no way for the multiplicity of
regular 1 < m < nto exceed FLOOR(LOG2 n).

We can produce a test for regular 1 < m < n based on congru-
ency. We know that if m | n°, then m | n‘*" since the set of distinct
prime divisors of both powers of n has not decreased and the multi-
plicity of all prime divisors has increased from n¢ to n*. Through
induction we know we can find a “sure-fire” test based on m | n°,
so long as e > p. Since we can obtain no multiplicity of regular
1 < m < n greater than that of 27°°*1°%,") we can use the following
as a “sure fire” test for finding all regular 1 <m < n:

(4.1)

This method is especially fast if we memoize n™°°rt0s,";

nFLOOR(LOGZ n) (mod m) =0

(CODE 4.2)

f[n_] := With[{m = n*Floor@ Log2@ n},
Count[Range@ n, k_ /; Divisible[m, k]1]
The program requires about 4% seconds to generate r(p, #)
and 101 seconds to produce r(p, #).

Absent an easy way to determine FLOOR(LOG, 1), we know
m | n" for all regular m and n > 1, since m > p in all cases. The meth-
od is less than half as fast as above:

(4.1.1) n™ (mod m) =0

The following function constructs the set R of n:
(CODE 4.2.1)
f[n_ ] := Select[Range@ n, PowerMod[n, #, #] == 0 &]

The program requires about 10 seconds to generate r(p, #) and
224 seconds to produce r(p9 #). It was used to extend A244052 to
175 terms in November 2016. Term 17p, #, required 1 hour 21
minutes on a 64 bit 2.9 GHz quadcore Intel Xeon laptop with 32
Gb of Ram. In this case, the memory proved insufficient to gen-
erate terms much larger than the 162nd. Doubling the memory
would seem to only afford validating the 175th term.

3. DIFFERENCE OF RATIOS.

Map the following formula across each m < n:

If (FLOOR(n™/m) — FLOOR((n™ — 1)/m)) = 1 then m is regular.

The formula avoids factoring numbers to construct the set R of
n. Itis related to the fact that m | n™.

(CODE 4.3)

f[n ] := Select[Range@ n,

(Floor[n"#/#] - Floor[(n"# - 1)/#]) == 1 &]

The program requires about 20 seconds to generate r(p, #),
much less efficient than the previous methods.

4. RECURSIVE GCD TEST.

This method takes the Gcp(a, b), setting a = m and b = n. While
a>1and Gen(a, b) # 1, it sets a = cep(a, b) and b = b/a. In this
way, a number m whose prime divisors p also divide nreducesto 1,
while m that have at least one prime divisor g coprime to n reduce
to anumber greater than 1. The following program is a test that can
be used to generate R or r(n).

(CODE 4.4)
fola_, b ] :=
Block[{m = a, n = b},
While[And[m '= 1, ! CoprimeQ[m, nl],

n = GCD[m, n]; m = m/n]; m == 1]

Another manifestation of the same approach as a nested function:

(CODE 4.4.1)
£[n_] := Count[Range@ n, k_ /; First@ NestWhile[
Function[s, {#1/s, s}]Q@ GCD[#1, #2] & @@ # &, {k, n},

And[First@ # !'= 1, ! CoprimeQ Q@ #] &] == 1]

The programs require about a minute to generate r(p, #).



S.M6B1Us FUNCTION ACROSS TOTATIVES OF 1.

We can use the following summation across the totatives
1 < t<nsuchthat cen(t, n) = 1:

> u(t) FLoOR(n/t)

(4.2)
1<t<n

This function implements the above formula to compute r(n).
The manner in which the function arrives at r(n) is quite different.
Instead of constructing regular m < n of n, it arrives at a sum de-
rived from the totatives of n.

(CODE 4.5)

f[n ] := Total@

Map [MoebiusMu[#] Floor[n/#] &,
Select[Range[n - 1], CoprimeQ[#, n] &]]

The program requires about 15% seconds to generate r(p, #)
and 445 seconds to produce r(p, #). There are two parts to the algo-
rithm. The first part generates all ¢ such that Gep(t, n) = 1. Though
this subset of the range 1 < m < n is markedly smaller for highly di-
visible n, sifting through the range to find qualified terms requires
additional time. The second part sums the product of the M6bius
function of t and the floor function of the ratio n/t across each t.

6. THE LOGARITHM CONSTRUCTOR APPROACH.

We can use the property of the tensor R of regular numbers as
the tensor product of the power ranges of the prime divisors of n
to most efficiently compute r(n). In short, we can generate a table
of all the products less than n of the powers of the distinct primes
of n, then count the products, rather than search all numbers in the
range 1 < k < n for m regular to n. This method is the most efficient
because the value of 7(n) is rather small compared to n as n increas-
es. This approach involves the construction of R.

The most conspicuous problem to which this method has been
applied is that of the famous “Hamming number” problem put
forth by Edsger W. Dijkstra. In this application, we are asked to
create a table of the 60-regular numbers, i.e., the S-smooth num-
bers, in their order. In Wolfram Language, Robert G. Wilson V
wrote the following script to generate OEIS A0s1037 which lists the
S-smooth numbers in their order:

(CODE 4.6)

£f[n_]:= Sort@ Flatten@ Table[ 2*a * 3“b * 5%c,
{a, 0, Log[2, n]},

{b, 0, Log[3, n/2%al},

{c, 0, Log[5, n/(2%a * 3*b)]}]

We can generalize this code to fit any positive integer n merely

by obtaining a list of the distinct prime divisors of . This program
writes a statement given such a list:

(CODE 4.6.1)

f[n_] := Function|w,
Length@ ToExpression@
StringJoin["With[{n = ", ToString@ n, "},
Flatten@ Table[", ToString@
InputForm[Times Q@ Map[Power @@ # &, wll, ", ",

Most@ Flatten@ Map[{#, ", "} &, #1, "11"]1 &@
MapIndexed[Function[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",

ToString@ First@ p, ", n/(", ToString@
InputForm[Times @@ Map[Power Q@ # &,
Take[w, First@ #2 - 1111, "™)1l"lle
w[[First@ #2]] &, wll@
Map[{#,
ToExpression["p" <> ToString@ PrimePi@ #]} &,
FactorInteger[n] [[All, 1]1]]

Given an input of 2310, for example, the script writes the statement:

With[{n = 2310}, Flatten@ Table]|
24pl * 3Ap2 * 54p3 * T°pd,

{pl, 0, Log[2, n/(1)]},
{p2, 0, Log[2, n/(2%pI)]},
{p3, 0, Log[5, n/(2*pl * 3*p2)1},

{p4, 0, Log[7, n/(2%pl * 3%p2 * 5"p3)]1}]1]

and the statement Length counts the 68 terms in the table.

This program finds r(p#) in 1%, r(p,#), r(p,,#) in 24, r(p, #)
in 105 seconds. We can project that it would require about 10, 50,
and 240 minutes to calculate r(p,,#), r(p13#), and r(pl4#), respec-
tively. The same algorithm, compiled on other machines, might
calculate these figures in very much less time.

An alternative formulation of the same function using po rather
than Table:

(CODE 4.6.2)
f[n_] := Function[w, ToExpression@
StringJoin["Module[{k = 0, n =", ToString@ n, "}, ",

StringDrop[#, -11, "; k1"] &@
StringJoin@ Fold[{StringJoin["Do[", First@ #I,
ToString@ #2, "1,"1,
StringJoin[Last@ #1]} &, {"k++, ",
Reverse@ MapIndexed|[Function[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",
ToString@ FirstQ p, ", n/ (", ToString@
InputForm[Times Q@ Map[Power QQ@ # &,
Take[w, First@ #2 - 1111, ")1}"lle
w[[FirstQ@ #2]] &, wll@
Map[{#,
ToExpression["p" <> ToString@ PrimePi@ #]} &,
FactorInteger[n] [[All, 1]]]

"}, #1 &@

This program writes an expression like this for the input 2310:

Module[{k = 0, n = 2310},
Do[
Do[
Do[
Do[
Do [k++,
{p5, 0, Log[ll, n/(2%pl*3~p2*5°p3*7°p4)]1}],
{p4, 0, Log[7, n/(2*pl1*3~p2*5°p3)]1}],
{p3, 0, Log[5, n/(2%p1*3%p2)1}1,
{p2, 0, Log[3, n/(2*p1)1}1,
{pl, 0, Logl2, n/(1)1}1; kI

This approach proved to be slightly less efficient than the Tab1e
method above.

We can take advantage of the fact that numbers # with the same
squarefree root OEIS A007947(n) have the same infinite regular ten-
sor (see the next section) to efficiently generate r(n) for all such n.

(CODE 4.6.3)
f[T , k1_:1, k2 : 1, m : 1] :=
Module[{
P = Times @@ Prime@ Range@ T,
n = If[k2 == 1, NextPrime@ PrimeQ T - 1,
Min[k2, NextPrime@ Prime@ T - 1]1], x, r},
x =If[m==1, P, m];
r[x ] := Function[w, ToExpression@
StringJoin["With[{n =", ToStringQR x,

"}, Flatten@ Table[", ToString@
InputForm[Times Q@ Map[Power QR # &, wll,
", ", Most@ Flatten@
Map[{#, ", "} &, #],
MapIndexed|[
Function|[p,
StringJoin["{", ToString@ Last@ p,
", 0, Log[", ToString@ First@ p,
", n/(", ToString@ InputForm[Times @@
Map[Power @@ # &, Take[w, FirstQ@ #2 - 1111,
")I1"11@ wl[First@ #2]1]1 &, w]l@

"11"] &@



Map[{#, ToExpression["p" <> ToString@
PrimePi@ #]} &, FactorInteger([x][[All, 1]]1;
Function[w, Map[Function[k,
{k x, LengthQ TakeWhile[w, # <= k x &]}],
Range[kl, n]]]@ Sort@ r[x n]]

This function takes up to four parameters and requires some
knowledge of the turbulent candidate sequence a(n). For instance,
from Figure 5.2 we observe in tier T = S that the number 2730 is
the squarefree root of 5460, 8190, 10920, and 13650. Thus we

would set the parameters thus:
£[5, 1, 5, 2730]

and the program yields r(n) for all S related terms in the time it
takes to calculate the largest.

This concludes the description of various algorithms that lever-
age several qualities of regular numbers to calculate the number of
regular 1 <m < n.

5. General Structure of A244052(n)

Running the regular counting function r(n) across the positive
nonzero integers n and selecting those n whose values of r(n) set
records yields the sequence OEIs A244052(n). Let’s look at the ap-
parent general structure of the sequence.

There are roughly three major kinds of numbers m in A244052:

1. m=p # The primorials thus arrange the sequence into “tiers”
wherein all numbers in a tier p, # < m < P (p,yy* must have w(m)
= T. The appearance of all primorials in A244052 is supported
by the Mobius function version of #(n) and the nature of the
geometry of the tensor R of regular 1 < m < n as a product of
distinct prime factor power tensors bounded by n (see OEIs
A275280).

2. kp #with1<k <P(rary i.e., in A06073s. The k p_# organize each
tier into “levels.”

3. “Turbulent” numbers m occur within a “level” k p_ # < km < (k
+1) p,# such that w(m) = T. This is a necessary but insufficient
condition. These terms are merely “turbulent candidates” that
must be tested via the regular counting function to see if the
term sets a record.

There are several major features of each tier T:
1. The tier T has primorial p, # as its smallest term.

2. Allinteger multiples k p,# with 1 <k <p . begin new “levels”
k within each tier T.

3. Thereis “primary turbulence” in all tiers T > 0. These turbulent
terms m “echo” in level k in the form km and thus constitute
“secondary turbulence,” “echo turbulence,” or “reverb”.

4. Turbulence has the following qualities:

a. Essentially, a turbulent term or candidate has
GPE(m) > p, and at least one prime totative q < p,. such that
Geo(m, p #) <p #.

b. “Distension” i, meaning the difference in the indexes of the
greatest prime factor GPF(m) and GPF(pT#) = p, This is
easier to see if m is written in “multiplicity notation”, that
is, as A054841(m). This notation is a sort of abbreviation of
highly composite numbers such that the prime is conveyed
by a reverse positional notation, while only the multiplicity
is written. In this notation, primorials p,# appear as repunits

(repeated series of 1s) of length T.

c. “Depth”j.Let ¢ be the index of the least prime totative (LpT)
of m and let T be the index of the GPE(p,#) = p,. Then
j =T - i. This appears in notation as the position of the
first zero, e.g., the depth j = 1 of m = 10, since the second
prime, 3, is coprime to 10, but the index of the Gpr(10) = 3;
3-2=1,thusj=1.

Each tier has a maximum or “cardinal” depth and distension
that can be calculated using A020900(T). We'll look more closely
at depth, distension, and calculation of these in Section 7. Appen-
dix B and Figure 7.2 show segments of data from a(n) and A244052.

5. We can regard each tier of the sequences as having these struc-
tural features, illustrated by example in Figure S.1:

(FIG. 5.1) Structural features of tier T = 5 of a(n) and A244052.
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31 3570 1111001 313 r Primary turbulence:
523990 11110001 322 | 4 4 <y < 2p # with
4290 111011 315 | T( )—T T
2 33 4620 21111 3g2 | W\ =
34 5460 211101 395
3 35 6930 12111 452 | Secondary turbulence:
36 8190 121101 463 t kp # <km < (k+1)p # with
4 37 9240 31111 505 | () = T (minus terms
38 10920 311101 519
# .g.
5 39 11550 11211 551 lggygothen;selves, e.g. 4620,
40 13650 112101 567 | ) ete.
6 41 13860 22111 593
7 42 16170 11121 629
8 43 18480 41111 660  Tail: all m of the form
9 44 20790 13111 691 | kp #with1 <k<
10 45 23100 21211 717 Pr Peray
11 46 25410 11112 743
12 47 27720 32111 766

Note the term 4290 shown in light face above is in a(n), but
not in A244052. Looking at its regular counting function at far
right we see that it fails to set a record. We shall call this “disqual-
ification,” as 4290 meets the necessary conditions: squarefree

H#<m<p, #withw(m) = T but r(4290) < r(3990).

Turbulence exhibits “distension” (the Gpe(m) > p,and there
are at least 1 prime totative q < GPE(m). There is 2 maximum dis-
tension called “cardinal distension”. In the above example, the
cardinal distension i = 3. It is plain to see in multiplicity notation
(column A054841(a(n)); the furthest 1 to the right is 3 places from
the last 1 in the multiplicity notation of p, # with T =5 (i.e., 2310):

(FIG. 5.2) Cardinal distension i of tier T = S of a(n) and A244052.

1 29 2310 11111 283 -Car‘dmal dlStenSI(.m:
350 2730 111101 205 indicates GPF of tier T.
31 3570 1111001 313 i = 3; last “1” shifted 3
323990 11110001 322 places to the right

In the above example, the cardinal depth is j = 2. Multiplicity
notation makes it easy to see the furthest 0 to the left is 1 place
from the end of the “word” “11111” that is the multiplicity nota-
tion of 2310:



(F1G. 5.3) Cardinal depth j of tier T = S of a(n) and A244052.

1 29 2310 11111° 283 _Car.dmal depth: _
30 2730 111101 295 indicates LPT of tier T.
31 3570 1111001 313 j=1;last “0” shifted 1
323990 11110001 322 place to the right

If 4290 were to have qualified, the cardinal depth would have
been 2 rather than 1:

315 j=2;last “0” shifted 2

4290 111011
places to the right in a(n)

Thus the major features of the “highly regular number” se-
quence A244052 includes tiers T with primorials p, # as the smallest
term and all terms in the tier with w(n) = T. There are levels k asso-
ciated with integer multiples 1 <k <p .~ of primorial p,#. Terms
in tier T that are not in A060735 are called turbulence. There are
two aspects that help delimit the possible values of turbulence that
facilitate efficient construction of a table of candidate terms for
A244052, these are distension and depth. Distension describes the
greatest prime factor with respect to the GPF of p, #, i.e,, p,, while
depth descripes the smallest prime totative with respect to p,.. Mul-
tiplicity notation is a great aid in efficiently constructing the table
of turbulent candidate terms.

6. Observations Regarding the
Smallest Prime Totative.

The Mébius function method of generating (1) in Section 4.5
merits examination not merely because it differs from the “intu-
itive” methodologies associated with the properties of regulars
themselves, but because of its implications regarding small prime
totatives. Chief among the implications is that small prime tota-
tives wreak havoc against a high value of r(n). This is supported by
the tensor constructor method.

Let f(n, t) = u(t) FLOOR(n/t) and let g, be the smallest prime
totative of n. We can determine the following about the behavior
of the function . Firstly, the value of the function f(n, t) applied to
prime t < %2 n is negative and greater than 1, increasingly large as ¢
approaches 2; it is at its most pronounced at ¢ = g, = 2. For prime
t > Y2 n the value is —1.

The smallest totative of any nonzero positive integer n is 1; the
value of f(n, 1) = n, since n/1 = 1 and (1) = 1. This value can be
seen as the “total possible value” of 7(n) that f(n, t) for t > 1 modify
to arrive at actual r(n). We can see all £ < V2 n as having the greatest
effect on the ultimate value of r(n) for the following reasons:

1. The totatives of n are symmetrically arranged about Y2 n.
2. Nonzero | f(n, t)| > 1fort<Yan
while nonzero | f(n, t)| = 1 for t < Y2 n.

3. The presence of a ratio with a constant numerator in For-
mula (2.2) implies f(n, q,) generates the largest negative val-
ue against r(n). Let S = the sum of f(n, t) across Yan < t < n.
f(n, q,) = S, in other words, | f(n, q,)]| is at least as large as
S. The set of numbers that have f(n, ql) = Sis finite: {3, 4, 6,
8, 12, 18, 24, 30}. This reinforces the implication that the
smallest totative g, of # has the most influence on the value

of r(n).

In other words, we can see the smallest prime totatives as in-
curring the greatest “damage” against potential (1) as they pres-

ent a large negative value of f(n, t). The smallest prime totative g,
is the most significant influence on #(n). This suggests that odd
numbers and those with “gaps” or small prime totatives within
the range of its prime divisors will tend to have a lower r(n) than
comparably-sized even numbers and numbers that are products of
a contiguous set of the smallest primes, i.e., primorials. From the
properties of the smallest prime totative g, of n, we can see that pri-
morials p, # may seem to minimize their effect and thus maximize
r(n) for numbers n with T distinct prime divisors.

Examination of g alone is incomplete regarding the full effect
of the smallest prime totative g, on r(n).

We can simulate the effect of transforming a prime divisor
p,—4, while holding the magnitude of n. We may use the Mébius
approach of Section 4.5 or the constructor approach of 4.6 to achieve
the same effect. To simplify, let’s only consider primorials p, #.

The code below calculates the regular function of primorial p #
attributable to p using the Mébius function approach:

(CODE 6.1)

attributableToGPF[n ] :=
Function[P,
Total@ Map[MoebiusMu[#] Floor[P/#] &,
Select[Range@ P,
And[CoprimeQ[#, Times Q@ Prime@ Range[n - 1]],
Divisible[#, Prime@ n]] &]11]1I[
Times @@ Prime@ Range@ n]

Figure 6.1 shows the full effect of the greatest prime factor p, of
primorial p # on the regular counting function r(p #) as if it were
ignored, or deemed coprime to p #. The second column shows
r(p"#). The third column shows y(pn) FLOOR(pn#/ p") while the
“balance” column shows the remaining portion of Formula 4.2 on
all products 1 <kp <p # which are interpreted as coprime to p #.
We arrive at a number of regulars attributable to p, in the penulti-
mate column, and regulars not attributable to p, in the last column.

(FIG. 6.1)

not
n r(p_n#) m(p_n) + balance = attrib. attrib.
1 2 -1 + 0 = -1 1
2 5 -2+ 0 = -2 3
3 18 -6+ 0 = -6 12
4 68 -30 + 8 = -22 46
5 283 -210 + 126 = -84 199
6 1161 -2310 + 1937 = -373 788
7 4843 -30030 + 28474 = -1556 3287
8 19985 -510510 + 503782 = -6728 13257

This study can be generalized to any prime divisor p, of p #.

Consider a function s(n, k) that calculates the regular counting
function of primorial p # minus the full contribution of prime p, with
1 <k < n. This is tantamount to the following adjustment to Formula
4.2:

(6.1) > u(t) FLooR(n/t)

1<t<n

t such that cep(t, n/p,) = 1

The following code generates s(n, k) via Mobius:



p 1 p_2 p_3 p_4 p 5 p 6 p 7 p_8 p_9 p 10 p_11 p_12
n  r(p_n#) 2 3 5 7 11 13 17 19 23 29 31 37
1 2 1
2 5 3 2
3 18 11 9 6
4 68 47 37 27 22
5 283 206 170 130 109 84
6 1161 871 734 583 500 405 373
7 4843 3732 3190 2601 2268 1877 1746 1556
8 19985 15680 13554 11239 9906 8337 7813 7031 6728
9 349670 66141 57713 48461 43107 36738 34601 31405 30155 28111
10 1456458 281949 248018 210504 188649 162498 153691 140428 135239 126722 117035
11 6107257 1186118 1049898 898509 809882 703282 667209 612779 591418 556289 516197 505163
12 25547835 5017655 4465718 3849404 3486968 3049110 2900419 2675418 2586893 2441064 2274216 2228176 2110136
(FIG. 6.2) s(n, k) = r(n) attributable to prime p, and relevant multiples of p,, with 1 < k < z(n).
p 1 p_2 p_3 p_4 p_5 p_6 p_7 p_8 p_9 p_10 p_11 p_12
n r(p n#) 2 3 5 7 11 13 17 19 23 29 31 37
1 2 1
2 5 2 3
3 18 7 9 12
4 68 21 31 41 46
5 283 77 113 153 174 199
6 1161 290 427 578 661 756 788
7 4843 1111 1653 2242 2575 2966 3097 3287
8 19985 4305 6431 8746 10079 11648 12172 12954 13257
9 349670 16933 25361 34613 39967 46336 48473 51669 52919 54963
10 1456458 67721 101652 139166 161021 187172 195979 209242 214431 222948 232635
11 6107257 270340 406560 557949 646576 753176 789249 843679 865040 900169 940261 951295
12 25547835 1089602 1641539 2257853 2620289 3058147 3206838 3431839 3520364 3666193 3833041 3879081 3997121
(FIG. 6.3) Values of r'(n, k) = r(p #) — s(n, k).
p 1 p_2 p_3 p_4 p 5 p 6 p 7 p_8 p_9 p 10 p_11 p_12
n r(p_n#) 2 3 5 7 11 13 17 19 23 29 31 37
1 2 2.
2 5 2.5 1.66667
3 18 2.57143 2. 1.5
4 68 3.2381 2.19355 1.65854 1.47826
5 283 3.67532 2.50442 1.84967 1.62644 1.42211
6 1161 4.00345 2.71897 2.00865 1.75643 1.53571 1.47335
7 4843 4.35914 2.92982 2.16012 1.88078 1.63284 1.56377 1.47338
8 19985 4.64228 3.1076 2.28504 1.98284 1.71575 1.64188 1.54277 1.50751
9 349670 4.90604 3.27566 2.40008 2.07856 1.79286 1.71382 1.60781 1.56983 1.51145
10 1456458 5.16339 3.43987 2.51261 2.17158 1.86817 1.78422 1.67113 1.63069 1.56839 1.50308
11 6107257 5.3875 3.58239 2.61038 2.25257 1.93376 1.84537 1.72632 1.68369 1.61798 1.54899 1.53103
12 25547835 5.60503 3.72045 2.7049 2.33076 1.99704 1.90445 1.77959 1.73484 1.66583 1.59332 1.57441 1.52791

(FIG. 6.4) Decimal expansions of the ratio r(p #) / r'(n, k).

(CODE 6.2)

attributableToPrimek[n , k ]
Function[P,
Total@ Map[MoebiusMu[#] Floor[P/#] &,
Select[Range@ P,
And[CoprimeQ[#, Times Q@ Prime@ Range@ n/Prime@ k],
Divisible[#, Prime@ k]] &]11[
Times @@ Prime@ Range@ n]

This code is more efficient and constructs s(n, k) in logarithmic time:

(CODE 6.3)
attributableToPrimek[n , k ]

Block[{P = Times @@ Prime@ Range@ n},
Length@ Function[w,
ToExpression@
StringJoin["Module[{n = ", ToString@ P,
", k =0}, Flatten@ Tablel[k++, ",
Most@ Flatten@ Map[{#, ", "} &, #1, "11"] &@
MapIndexed[
Function[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",

ToString@ First@ p, ", n/(",
ToString@ InputForm[
Times Q@ Map[Power Q@ # &,
Take[w, First@ #2 - 1111,
")Jli"1le w[[First@ #21] &, w]le@
Map[{#, ToExpression["p" <> ToString@ PrimePiQ #]} &,
FactorInteger[P/Prime@ k][[All, 11]] 1

Figure 6.2 is a number triangle s(, k). Note that the smallest to-
tative, i.e,, 2, has the greatest full effect on the value of r(p #), shown

at left for reference. It follows that the impact of ignoring the contri-
butions of p, and its regular multiples varies close to logp p,#, espe-
cially as p # is very much larger than p,. t

Consider a function r'(n, k) = r(p #) - s(n, k). Figure 6.3 shows
the values of the regular counting function if we were to ignore the
full contribution of p, to r(p #). This is simply subtracting values in
rows of Figure 6.2 from r(p #) at left in the same row.

Finally, Figure 6.4 shows the ratio r(p #) / r'(n, k). We can see
that the contribution of smaller ignored primes p, tends increase
markedly as # increases. This seems to have to do mostly with the
case of the smallest prime p, itself.

Determination of whether or not the ratio r(p #) / '(n, k) con-
verges is an interesting problem beyond the scope of this paper.
Some insight into the behavior of the ratio might be gleaned from
thinking about the ***

THE T1ER JuMP RATIO. Given the data in Appendix B, we note the
ratio of the regular counting function values for primorials p ;. , #
and the greatest term of tier T, i.e., (p(T“) -1) p,#. Curiously the
ratio r( (p(nl)#) / r( (p(TH)— 1) pT#) continues to hold just over
3/2 for T = 14. At first the ratio begins high above the limit at 5/3
and has a low value at Tier S below 3/2. The ratios of the regu-
lar functions of the primorial p, # and the largest level k p ;. , # less




(F1G. 6.4) The tier jump ratio r( (p ., #) / r( (p g,y = 1) p,#).

- r(k p_T#)

3] r(p_ with
T e, (T+1)#) k = p_T+l - 1 TJR
1 24 21 2
2 34 53 1.66667
3 S# 18 11 1.63636
4 T# 68 44 1.54545
5 11# 283 192 1.47396
6 13# 1161 766 1.51567
717+ 4843 3223 1.50264
8 194 19985 13037 1.53294
9 23# 83074 54226 1.53200
10 29# 349670 230293 1.51837
11 31# 1456458 942700 1.54499
12 37# 6107257 3968011 1.53912
13 414 25547835 16485222 1.54974
14 43%# 106115655 67583798 1.57013
15 47+ 440396221 279200197 1.57735

(FIG. 6.5) The adjusted jump ratio r(p #) / r'(n,n - 1).

3+
B
T n.' r(p_n#) r'(n, n - 1) TJR
1 24 21 2
2 3# 53 1.66667
3 S 18 12 1.5
4 7# 68 46 1.47826
5 114 283 199 1.42211
6 13# 1161 788 1.47335
7 174 4843 3287 1.47338
8 194 19985 13257 1.50751
9 23# 83074 54963 1.51145
10 29% 349670 232635 1.50308
11 31#% 1456458 951295 1.53103
12 37# 6107257 3997121 1.52791

than p# hover around a ratio just above 1.5 thereafter. At tier 13 it
is 6107257/3968011 = 1.53912...

Figure 6.4 is a table of values for each tier T (here T pertains
to the primorial in the numerator). It seems to follow that the “tier
jump” ratio approaches a limit since the primes p,, and p,. are ever
more similar in magnitude on average as T increases. Some candi-
dates for the limit, if it can be related to existing constants, regards
those slightly greater than 3/2:

1.y+1=1.5772156649...
(7 = Euler-Mascheroni constant).
2.7/2=1.5707963267...
The first candidate is interesting for the following reasons:

1. The relation between y and the rate of growth of the divisor
counting function 7(n),

2. Divisors are a special case of regular numbers 1 <m < n,

3. The similarity between the tensors of 7(n) and r(n) as
shown by A275055 and A275280, respectively.

The determination of this convergence, if there is a conver-
gence, is beyond the scope of this work.

There are smaller jumps of r(n) for each level k that have to do
with increasing the bound on the infinite T-rank tensor that is the
product of the prime power ranges of the distinct prime divisors p
of A007947(n) (i.e., the squarefree root of n). This is perhaps the
easiest “jump” effect to understand. The jumps have a logarithmic
relationship to r(a007947(n)).

There are even smaller jumps between turbulent candidates of
the same depth that have to do with both a different limit between

them and a different configuration of distinct prime divisors.

The “tier jump ratio” can be adjusted to iron out the effects of

The expositions in Sections 2 through 4 set the stage for several
theorems.

7. Theorems Regarding A244052.

1. PRIMORIALS IN A244052. In this Section we shall determine two
facts. First, the primorials p, # must appear in A244052 in strictly in-
creasing order. This implies OEIS Aoo2110 is a subset of A244052. A
corollary to this is that primorials p, # organize A244052 into “tiers”
wherein all terms that succeed p, # in the record must have w(n)
= w(p,#) = T up to but not including the appearance of the next
primorial.

Theorem S.1. Let primorial p, # be the product of the smallest T
positive primes p. Let the nonzero positive integer 1 < m < n whose
every prime divisor p divides n be termed a “regular of” or “regular
to” n, counted by a “regular counting function” r(n). Primorial p, #
sets records for the number of regulars (1) of n. In other words,
primorials, which appear in OEIS Aco2110 by the definition of that
sequence, appear in A244052, i.e., A0o2110 is a subset of A244052.

Corollary 5.1.1. The smallest prime 2 is the only prime in A244052.
Proof. Let’s recall the Mdbius function examined in Section 4.5
Formula (4.2):

> u(t) FLooR(n/t)

l1<t<n
where gep(t, n) = 1.

Let f(n, t) = u(t) FLOOR(n/t) and let q, be the smallest prime 1
< g, < nthatis coprime to n. We observe f(n, 1) = nand the Mébius
function u(p) = -1 for p prime. Thus f(n, q,) must have the largest
negative value of all t. In Section 4.5 we observed that the totatives
t of n are symmetrically arranged about %5 n. We determined that
nonzero | f(n, t)| > 1 for t < % n while nonzero | f(n, t)| = 1 for t <
Yan.

Rk

The presence of a ratio with a constant numerator in Formu-
la (2.2) implies f(n, q,) generates the largest negative value against
r(n). Let S = the sum of f(n, t) across Yan <t <n. f(n, q,) = S, in
other words, | f(n, q,)| is at least as large as S. This reinforces the
implication that the smallest totative g, of n has the most influence
on the value of (n) outside of t = 1 for which f(n, 1) = n. This
suggests that the nonzero integer g, increasingly detracts from r(n)
as g, approaches 0 and implies that odd n or large n with small q,
have relatively low r(n). Conversely, the pronounced effect of the
smallest totatives 1 < t < %2 n implies that numbers # that minimize
the number and maximize the magnitude of the smallest totatives
will have a larger r(n).

This alone does not prove primorials p, # are in A244052, how-
ever, let’s examine some properties of a primorial. Since p # is a
product of the T smallest primes, primorials are the smallest num-
ber w(n) with the highest possible minimum totative q,-



An exception is p # = 2# = 2 which has no g,< 2. All primes p
have two regular 1 < m < n, these are {1, p} which also are divisors
of p: both regulars 1 < m < p divide p. Since 2 is the smallest prime,
it appears in A244052 and no other prime appears in the sequence,
since odd primes p also have 2 regulars and thus r(p_,,) = r(2) =2
and 2 is already in the sequence. This proves Corollary 5.1.1.

Let’s consider the w(n)-rank regular tensor R as discussed in
Section 2. We know that this matrix is the tensor product of all the
distinct prime power ranges P bounded by n of n. The number of
terms in the tensor depends on the length SP of each range P given
by Formula (2.2). Specifically, if the distinct prime divisors p of n
are more similar to one another, the number of terms in R will be
greater than that of a similar-magnitude number whose distinct
prime factors are not as similar. This suggests that n with a “com-
pact” set of prime divisors, i.e., those that are minimally distinct,
will have a higher value of 7(n).

Returning to the properties of primorials, we understand that
the product of a contiguous set of primes by definition signifies
that primorials have a minimally distinct set of distinct prime di-
visors.

The notion that numbers n with a contiguous set of minimal-
ly distinct prime divisors have the most efficient configuration of
such divisors to produce a high value of r(n) reinforces something
we’d seen from the M6bius function. Numbers n that minimize the
number and maximize the magnitude of the smallest totatives have
alarger r(n).

Primorials p,# appear in A244052 for the following reasons:

1. Primorials p,# are products of the smallest T' primes, there-
fore primorials are the smallest numbers with T prime factors.

2. The distinct prime divisors of p, # are minimally distinct.

3. The smallest prime g, coprime to p, # is larger than that of
any other number having T distinct prime divisors. This q, =
4, the smallest totative of numbers pn that are the products
of at least one prime p that divides n = p, #, and no primes
q coprime to n, but p_# < pn and thus precedes the latter
in A244052. Likewise, products described in the second and
third cases of Section 4 are larger than p, #.

We have thus proved that primorials appear in A244052 thus
A002110 is a subset of A244052. Figure 5.1 shows primorials in the
column labeled Aoo02110, followed by multiplicity notation and the
number of regulars of p, #. =

Lemma $.1.2. Primorials p, # are the smallest terms that have w(n)
=Tandalltermsp # <n < Pz, in A244052 must have w(n) = T.
Thus we can split A244052 into contiguous “tiers” T, that is, inter-
vals wherein all terms n have w(n) = T, starting with p_#.

Proof 5.1.2. We know that p, # is the smallest possible number
that has T distinct prime divisors by definition of a primorial as the
product of the T smallest primes. This implies that terms n with
w(n) = T cannot precede p,# in A244052. There may be terms n
that do not have prime divisors p of p_ # but instead an equal num-
ber of prime divisors g coprime to p, # as replacements, but these
must be greater than p, #.

Recall that w(n) governs the rank of the regular tensor R. Some

numbers n,_, with w(n) = T - 1 either already appear in tier (T

— 1) of A244052—these will be discussed in the next section. Such
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. 5.1) Primorials in A244052.
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© > NV = A244052
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A054841(A002110(n))
A010846(A002110(n))

0 1
1 2
11 5
111 18
1111 68
11111 283
111111 1161
1111111 4843
11111111 19985
111111111 83074
1111111111 349670
11111111111 1456458
111111111111 6107257
1111111111111 25547835
11111111111111 106115655

111111111111111 440396221

. 5.2) “Turbulence” and integer multiples kp, # in A244052.
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120 311 36
150 112 41
180 221 44
210 1111 68
330 11101 77
390 111001 80
420 2111 96
630 1211 115
840 3111 131
1050 1121 145
1260 2211 156
1470 1112 166
1680 4111 174
1890 1311 183
2100 2121 192
2310 11111 283
2730 111101 295
3570 1111001 313
3990 11110001 322
4620 21111 382
5460 211101 395
6930 12111 452
8190 121101 463
9240 31111 505
10920 311101 519
11550 11211 551
13650 112101 567
13860 22111 593
16170 11121 629
18480 41111 660
20790 13111 691
23100 21211 717
25410 11112 743
27720 32111 766



numbers n,,_, > p,# stand at a disadvantage because n with w(n)
= T have an additional dimension in their regular array. If Mer_
belongs to Section 3 Case 2 with respecttop ,_,#,ie,qn ,_,, this
number will have a relatively inefficient configuration of distinct
prime divisors, since the smallest totatives of gn ;. _,
than that of p,_,#.

 are smaller

The appearance of p # in the record reimposes the efficient
configuration of p ,_, # at a larger bound p, times that of p ., #,
with an additional dimension in the regular array attributable to p,,
thus incrementing the rank of regular tensor R'. Any larger Ner
cannot succeed it. Let’s suppose there were a number 7, that
would succeed p, # in the record. This would happen if and only
ifn,_, had a smallest prime larger than that of p # or the distinct
prime divisors of ., were even more distinct than those of p ,.
oy Further, r(n(T_ 1)) would have to be larger than r(pT#) even
though Rofn ;. hasalower rank than Rofp #.

Finally, if we were to see a primorial p, # succeeded by terms n
with w(n) = T - 1, it might happen early in A244052. Recall that the
regular tensor R is most efficient at producing a larger (n) when
the distinct prime divisors p of n are minimally distinct. The ratio
Pers 1)/ p, tends to be largest when T is small, meaning that small
primes tend to be less distinct than larger primes.

We observe the first 15 primorials p,# in A244052 and note
r(p,#) jumps markedly over that of largest term in tier T - 1, i.e,,
that of (p, - 1) p,_#. In fact, r(p,#) > (r(p,#)- u(p,#)p %)
that is, the regular counting function of p # minus the number
of regulars attributable to its greatest prime divisor p,. Since the
ratio p ;. ,,/p, generally approaches a limit of 1, we can say that
there never will be a term with w(n) = T - 1 that succeeds p_ # in
A244052.

We have shown that A244052 is divided into tiers T that start
with p_# and all terms n have T distinct prime divisors.

2. INTEGER MULTIPLES OF PRIMORIALS IN A244052. This section

intends to prove that the multiples kp, # with

(5-2)

appear in A244052.

L<k<(py,,+1)-1

Theorem 5.2. Let primorial p, # be the product of the smallest T
positive primes p. Let the nonzero positive integer 1 < m < n whose
every prime divisor p | n be termed a “regular of” or “regular to” n,
counted by a “regular counting function” r(n). Consider integer 1
< k < PRIME(T + 1) - 1 as a multiplier of p_#. The numbers kp, #
set records for the number of regulars r(n) of n. In other words,
these numbers kp, #, which appear in OEIs A060735 by the defini-
tion of that sequence, appear in A244052, i.e.,, A060735 is a subset
of A244052.

Lemma 5.2.1. The integer multiples kp, # subdivide the tiers T of
into “levels” k wherein all numbers
(5.2.1)

must be divisible by k such that the quotient is a squarefree integer
n that appears in level k = 1 of the tier and thereby has w(kn) = T.

kp #<n<(k+1)p#

Proof 5.2. We have already proved in Theorem S.1 that primorials
1 x p, #arein A244052. Lemma 5.2.1 shows that primorials delimit
A244052 into tiers wherein all terms must have T distinct prime
divisors. How about the integer multiples k > 1 of primorials such

that k does not exceed the next prime?

Note that this is tantamount to Section 3 Case 1. The multipli-
er k divides n in all cases, since k < PRIME(T + 1). Therefore, no
new distinct prime divisors are introduced, and kp, # has the same
squarefree kernel as p, #. The number of distinct prime divisors is
conserved among kp_#, i.e.,

w(p#) =w(kp#)=T.
Because of this the rank of the infinite regular array I common to
all kp, # is obviously the same. The tensors R’ of kp, # have a pro-
gressively larger bound as k increases, admitting more regulars
from I such that each one is larger than the last. Thus the regular
counting function r((k+ 1)p,#) > r(kp,#).

There may be “turbulent” squarefree terms t > p, # with T dis-
tinct prime divisors that succeed the primorial in A244052. These
are terms that have atleast one totative g < p ., , the smallest tota-
tive of p_ #, and at least one prime divisor p > p,, the greatest prime
divisor of p, #. Therefore the efficiency of these numbers ¢ is less
than those numbers kp_ # at producing regular numbers 1 < m < n.
We will return to turbulent numbers in the next topic.

Products kp,# represent the reimposition of the most efficient
infinite regular array I pertaining to numbers with T distinct prime
divisors with a bound k times larger than that of primorial p, #.
Thus 2p_# functions as a barrier to any larger squarefree turbu-
lent number ¢, since these tend toward increasing inefficiency as
the smallest totatives of t decrease and greatest prime factors of t
increase.

Observing kp, # is k times larger than p, # we can likewise find
turbulent products kt while k is relatively small, that is, k times the
level-1 turbulent numbers t in their turn such that

(5.2.2) kp# <kt<(k-1)p#/k.

Thus the p, # <t < 2p, # or level-1 turbulent terms are “echoed”
until the difference (t1 - pT#) between the smallest turbulent term
and the primorial, multiplied by k, exceeds (k - 1) p,#/k. We will
show later that the turbulence in tier T always abates within the
tier.

Thus k subdivides the tier T into levels in which all terms n must
have wherein all numbers kp_# < n < (k + 1)p_# must be divisible
by k such that the quotient is a squarefree integer n that appears in
the first level of the tier and the number of distinct prime divisors is
conserved at T. All terms kp_# such that 1 < k < PRIME(T + 1) - 1
appear in A244052. Thus A060735 is a subset of A244052. =

3. “TURBULENCE”. Examination of the terms in A244052 shows
that indeed there are terms outside of A060735 = kp # with 1 <k <
pRIME(T +1) - 1.

The terms stand out when we apply multiplicity notation to the
sequence. Recall that multiplicity notation writes only the multi-
plicities of the distinct prime divisors of a number. The position of
the multiplicity in the notation denotes the prime, read from left to
right. Thus, “2011” signifies 2*> x §' x 7' = 140. This is equivalent
to E(n) = REVERSE(A054841(n)). Let us call the number-like result
of multiplicity notation a “word” to better distinguish it from the
value n. Figure 5.2 shows the terms in in the fifth column, followed
by the corresponding multiplicity notation. The “turbulent” terms
are so-named due to the “flaring out” of their multiplicity notation,
which corresponds to Section 4 Case 3.



Turbulent terms ¢ have several things in common:

1. w(t) = T distinct prime divisors,

2. at least one prime totative g < p,, greatest prime factor of
j 22

3. divisible by kifkp, # < t < (k + 1)p_#, such that t/k is square-
free with w(t) = T distinct prime divisors.

The totatives g < p___of t appear in multiplicity notation as “0,”
thus turbulent terms are also distinguished by zeros in that notation.

SUMMARY OF THEOREMS. Through Theorems 5.1 and 5.2 and
their lemmas, we have a necessary but not sufficient set of condi-
tions for terms in A244052. Let’s summarize the conditions:

Theorem S.3.

Let the integers T > 1, 1 < k < PRIME(T + 1) - 1, and p_#
be the “tier”, “level”, and the primorial, i.e., product of the
smallest T' primes, respectively. Consider an integer n > 1.
A squarefree term p_# < n < 2p_# is in A244052 if and only
if w(n) = T. Further, multiples kp, # < kn < (k + 1)p,#, also
may appear in A244052. All n and kn that are in A060735 are
also in A244052, but the terms n = t that are not in A060735
require the regular counting function to determine if 7(t)
sets a record and thus appears in A244052.

This theorem has been proven by Theorems 5.1 and 5.2 and
their lemmas. Note that these conditions are necessary but not
sufficient, since we are dealing with a regular array bounded by n
that is governed by the spacing of primes. The terms of A060735
are certainly in A244052 due to the proofs pertaining to primorials

,# and multiples kp_ #. Only the “turbulent” terms ¢ are those that
require testing by running a regular counting function r(t).

One might be able to devise a calculus solution for the hyper-
volume of the T-rank regular tensor R. The curved sheet that is
formed by the bound n is the floor of a curve produced by the geo-
metric progressions of the distinct prime divisors. This function is
beyond the scope of this work, but could further refine the condi-
tions of this paper.

SEQUENCE a(n). Let us define sequence a(n) as the sequence
produced by Theorem $.3. It is fairly easy to write a brute-force
algorithm that generates candidate terms for A244052. The follow-
ing function merely computes the candidates in level k = 1 of tier
n=3:

(CODE 5.3.1)

£[n_] := Select[Range[#, 2 # - 1] &[
Times @@ Prime@ Range@ n],
EvenQ@ # && PrimeNu@ # == n &]; £Q@ 3

{30, 42}

Mapping this function across the first several tiers gives us the
primorial followed by the first-level turbulence:

(CODE 5.3.2)
f /@ Range@ 8 // Flatten
{2, 6, 10, 30, 42, 210, 330, 390, 2310, 2730, 3570,
3990, 4290, 30030, 39270, 43890, 46410, 51870,
53130, 510510, 570570, 690690, 746130, 870870,
881790, 903210, 930930, 1009470, 9699690, 11741730,
13123110, 14804790, 15825810, 16546530, 17160990,
17687670, 18888870}

This more efficient code produces the same output but uses bi-
nary to encode the turbulence. Though it might seem ingenious,

there are better ways to do the same:

(CODE 5.3.3)

Map [Function[r, Select[#,
And[r <= # < 2r, PrimeOmega@ # == PrimeOmega@ r] &]1],
Map[Times Q@ Prime@ Range@ # &,
Range@ PrimeOmega@ Max@ #]] &@
Sort@ Select[#, EvenQ] &@
Map[Times @@ Prime@ Flatten@ Position[#, 1] &,
Map [Reverse, IntegerDigits[Range[0, 2720], 2]1]

(361 terms)

Such a function entails we might leverage multiplicity notation to

produce a(n).

Returning to the original algorithm 5.3.1, we can write this
function generates all the candidates in all levels in the tier. The
segment after the semicolon applies the function to the range 1
through 6 to produce all terms through tier 6:

(CODE 5.3.4)

f[n_ ] := Block[{P = Times @@ Prime@ Range@ n},
Map [Function|[k,
DeleteCases|[
Select[#, # < (k + 1) P &] &@
(k Select[Range[#, 2 # - 1] &@ P,
EvenQR@ # && PrimeNu@ # == n &]), {}11,

Range[Prime[n + 1] - 1]11;

{1}~Join~Array[£f, 6] // Flatten

(1, 2, 4, 6, 10, 12, 18, 24, 30, 42, 60, 84, 90,
120, 150, 180, 210, 330, 390, 420, 630, 840, 1050,
1260, 1470, 1680, 1890, 2100, 2310, 2730, 3570,
3990, 4290, 4620, 5460, 6930, 8190, 9240, 10920,
11550, 13650, 13860, 16170, 18480, 20790, 23100,
25410, 27720, 30030, 39270, 43890, 46410, 51870,
53130, 60060, 78540, 87780, 90090, 117810, 120120,
150150, 180180, 210210, 240240, 270270, 300300,
330330, 360360, 390390, 420420, 450450, 480480}
The brute force approach in codes 5.3.1 and 5.3.4 above sifts
through all numbers p,_# < n < 2p_# to find those that are even and

have w(n) = T. It is effective through about tier 8.

Referring to Figure 5.2, it is evident that the term 4290 generat-
ed by this method does not appear in A244052. Appendix B1 shows
terms in a(n) but not in A244052 in italics through tier 10 (i.e., 23#
in the table). There are generally several more terms in tiers T > 6
that are in a(n) but not A244052 such that by p, #, 174 of the 183
terms in a(n) are in A244052.

6. Aspects of Turbulence.

We can make further observations about “turbulence” in gener-
al with notions we have proved. Notably, we can segment A244052
into “tiers” T that start with p # as the smallest term in the tier.
Every term n in the tier must have w(n) = T distinct prime divisors.
Each tier can be further divided into “levels” k that begin with kp, #
with 1 < k < PRIME(T + 1) — 1 as the smallest term in the level. All
terms kn in the level must be divisible by k such that the quotient
is a squarefree integer n that appears in level k = 1 of the tier and
thereby has w(kn) = T.

Looking at all the “turbulence” (the turbulent terms ) in the
tier, aided by multiplicity notation, we observe the following:

1. Let p, be the maximum prime such that at least one term n
in tier T is divisible by p,.

2. All terms in tier T are divisible by a smaller primorial p #,
that is the greatest common divisor of all terms in tier T. We
will call the “frustum primorial” or simply “frustum”



3. There is a final level k at which we observe turbulence. We
will refer to that level as the “reverb” of the tier.
Let’s define a few methods of measuring these three aggregate
qualities of turbulence.

Di1STENSION. Let “distension” i be the number of totatives g <
P, -, the greatest prime factor of 1. In terms of multiplicity no-
tation, i is the number of zeroes in the word E(n).

The greatest distension in the tier, i, is the “cardinal disten-
sion” of tier T. Cardinal distension i, is thus descriptive of p . rel-
ative to T. The greatest prime factor of all the terms in the tier is
pRIME(T + i). We will prove this after the next definition.

DEepPTH. Let “depth,” a positive integer j, be the number of larg-
est prime divisors of p, # to divide p,# by to admit j new prime fac-
tors p > (p,. — j + 1). In multiplicity notation, depth j refers to the
insertion of a zero j places from the right end of the primorial word,
thusj = 1is a word ending in “01,” j =2 ends in “011,” etc. We may
insert more zeros in the word after this first zero to produce some
turbulent terms.

“Cardinal depth”jis the greatest depth in tier T'and is descrip-
tive of the least prime totative g, of the tier. This also denotes the
prime frustum of the tier.

VoruMe. The total number of turbulent candidates per tier, lev-
el, depth, or distension in a(n) or turbulent numbers in A244052 is
the volume for that compartment. In analysis we will examine the
total number of turbulent candidates in level 1 of tier T with depth
j. This we will refer to as “volume,” with all levels of tier T consid-
ered “total volume.”

REVERB. Let “reverb” k, be the greatest value of k such that kp #
<kt < (k-1) p #/k. This is easy to determine and proves turbu-
lence is always contained within a given tier.

Theorem 6.1. The product p .\ #p . is the smallest squarefree
- +1)
number n with w(n) = T distinct prime divisors such that n > p_#.

Proof 6.1. We already recognize p, # is the smallest number with
w(n) = T. In order to distinguish n from p_# while conserving the
value of w(n) = T, we need to use Section 4 Case 3, i.e,, divide p_#
by 1 <i< T ofits prime divisors p, then multiply by the same num-
ber of new primes.

Consider discarding all the prime divisors of p, # and producing
n by taking the product of the next T smallest primes. Suppose T =
1, thus p # = 2. Therefore the smallest n = 3. In this case there can
be no smaller n > 2 with w(n) =1 (i.e., prime). Now suppose T =2,
thus p,# = 6. Naturally, the smallest product then is that of the next
2 primes. Therefore we take S X 7 = 35, but 10 = 2 x § is smaller, as
is 14, 15, 21,22, 26, 33, and 34.

Indeed, we need only to discard one prime divisor p of p, # in
order to distinguish n. Taking away more than one prime divisor
simply means that we’d be adding it back when considering the
smallest factor through which we can produce a valid . If we are
only replacing one prime divisor p of p, # with another prime that
does not divide p, #, the smallest of these is the minimum prime
totative q, of p,#,i.e, p . . Essentially, we are using a factor q,/p
to produce a valid n. This ratio is minimized when the primes p
and q, are most similar. Since we know q, = p , ,, the prime that
necessarily divides p, # that is most similar, i.e., a prime such that

the difference Piroy—Pis minimized, is p,, the very largest prime
divisor of p, #.

Thus the smallest squarefree n > p, # is

*/PrXPrany TP Perary
Thus, multiplicity notation words 11101, 111101, etc., repre-
sent the smallest squarefree numbers n > p_ # with w(n) = T distinct
prime divisors. These are equivalent to 330 > 210, 2730 > 2310,
etc. Generally the word associated with such an n consists of T — 1
ones with a suffix of “01”.

Corollary 6.1.1. There is a minimum depth j = 1 that produces a
turbulent term £, and that termisp ;. #p ;. )

Proof 6.1.1. We know from Proof 6.1 that the smallest turbulent
term t is p,._ ¥ p;, - It follows that it is the product of T - 1
smallest primes thus the smallest totative of ¢, is p,. The equation of
7(p,) = T which can be written T - j + 1 by the definition of depth.
This simplifies to j = 1. Since p,, is the largest prime divisor of p, #
there can be no smaller number j. =

This fact gives us a starting point for algorithmically generating
tier T turbulence.

Corollary 6.1.2. The product

Pr* Pirry/Pir_jury = Piry® 11 Pir_sin)

D fcxsj
with depthj =7(p,) - 7(q,) + 1 and
and g, = smallest prime such that Gcp(g,, n)=1

is the smallest squarefree number n with w(n) = T distinct prime
divisors and the minimum prime totative g, such that n
>p#

Proof 6.1.2. Corollary 6.1.2 is implied by the fact that the smallest
number n > p, # with w(n) = T and g, (i.e., depthj) is

=p(T7;'+1)

:p(T—j+l)
Pr* Piry/Pir_jary

whose word haslength T + 1, consists of all ones and a zero at j ones
from the right. Let’s look at it another way. Consider the number
divisible by P_p# butnotbyp, . . If we have to construct a
squarefree number produced by T primes, we have used (T - j)
primesinp . . # and thus have j to use. All the primes p < Py are
unavailable, since p . # by definition is the product of the (T - §)
smallest primes.The smallest number we can make whose smallest

prime factorp > p ., . is the product of the j primes

PRIME(T — x +2)
with 1 <x <.

These are the smallest primes greater thanp ;. ., andincludej-1

primes that also divide p, #. This is therefore equivalent to

(6'1'2) tjsz#p(Tu)/p(T-ju)'
We have proved Corollary 6.1.2. =

Therefore by Corollaries 6.1.1 and 6.1.2, generally the number
t, is the smallest turbulent term of depth j. This implies that we can
check for the presence of depth j in a given tier simply by generat-
ing for t.

The multiplicity notation words 11111101, 11111011, and
11110111 pertaining to tier T = 7 are of the form



11 0

21 1

311

4] 2

50 3 1

6] 3 2

7 4 2 1

8] 4 3 1

91 5 3 2

10] 6 4 2 1

i1 7 5 3 1

12] 9 6 4 2

13] 9 8 5 3 1

14] 9 8 7 4 2

15] 9 8 7 6 3 1

16| 11 8 7 6 5 2

171 13 10 7 6 5 4 1

18] 12 12 9 6 5 4 3

19 13 11 11 8 5 4 3 2

201 14 12 10 10 7 4 3 2 1

211 13 13 11 9 9 6 3 2 1

221 15 12 12 10 8 8 5 2 1

23] 15 14 11 11 9 7 7 4 1

24| 16 14 13 10 10 8 6 6 3

251 19 15 13 12 9 9 7 5 5 2

26| 20 18 14 12 11 8 8 6 4 4 1

271 19 19 17 13 11 10 7 7 5 3 3

281 19 18 18 16 12 10 9 6 6 4 2 2
29| 18 18 17 17 15 11 9 8 5 5 3 1 1
300 18 17 17 16 16 14 10 8 7 4 4 2
311 23 17 16 16 15 15 13 9 7 6 3 3 1
321 23 22 16 15 15 14 14 12 8 6 5 2 2

1 2 3 4 5 6 7 8 9 10 11 12 13
(F1G. 6.2.1) Distension i at depth j (horizontal axis) in tier T
(vertical axis).
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(F1G. 6.2.2) Distension i for prime p (horizontal axis) in tier T (ver-
tical axis), a transform of Figure 6.2.1.

.Candidacy .Presence in A244052
1l o0 1] 0
2] 1 2] 1
31 1 31 1
4] 2 4] 2
50 3 1 50 3
6] 3 2 6] 3 2
7 4 2 1 7 4 1
8| 4 3 1 8l 4 3
9] 5 3 2 9] 5 1

(FIG. 6.2.3) The chart on the left is the first 9 rows of Figure 6.2.1,
while the chart at right shows the maximum distension at (T} j)

observed in A244052. Note that no depth j > 3 appears in tier T <9,

while all depth j = 1 distension terms appear in the same range.

Pr* Pirry/Pir_jary

These equate to 570,570, 746,130, and 881,790, respectively, with
510,510 = p_#. See Appendix B1 to observe that these are the first
occurring words with a zero in place T —j + 1.

Corollary 6.1.3. The terms t for j = k= 1 are simply those produced
by primorial p ;. _#and one of the primes p > p, such that £ < 2p #.

Proof 6.1.3. We know that terms t must have T distinct prime di-
visors, thus conserving T -1 of them via p, ,# and adding one
via a single prime larger than p_ would honor the constraint. The-
orem 5.3, or more specifically, Lemma 5.2.1 is the source of the
constraint that confines the terms ¢ in question to those less than
twice the primorial on T. The smallest turbulent term ¢, =p ;. #
P(r. 1) as shown by Corollary 6.1.1. =

Further, through Formula 5.2.2, we know that terms
kp# <kt<(k-1)p #/k
occur in level k of tier T.

Theorem 6.2. Let integer i, > 1 be called the “cardinal distension”
of tier T. There is a largest term ¢, for j = k = 1 such that t, < 2p #.
This is the product

Pr-v* Py
The term ¢, has the largest value of i in the tier.

Proof 6.2. Let’s look at the problem using multiplicity notation.
This problem starts with a constant array of (T - 1) ones, i zeros,
and a final one, e.g, for T = 4, we start with 11101. We merely
need to add zeros in a monotonically increasing fashion until we
have a word whose decimal value exceeds 2p, #. Once we have this
number, we need to subtract 1 to get i_. Algebraically, we would
multiply p ,._,# by primes p ., incrementing i until the product
exceeds 2p,_#. Similarly we would need to subtract one from the
result to get i_.

The number ¢, as described has the largest possible value of i for
k = 1. Suppose t, = ab. The ratio b/a is largest when a is small and
b large. Since we must conserve the number T of distinct prime
divisors, necessarily, a=p ., #and primeb=p .

Depths j > 1 require a totative Pa_joy Let’s recall Formula

6.1.2, which describes the smallest term ¢ for a given j:

=P P/ Pajony

We determine distension by dividing t, by the largest prime divisor
P(r. and multiplying by p ;. incrementing i until the product
exceeds 2p, #. Hence we start with the number pT#/p(Tiﬁ - This
number must be larger thanp ,_,,# since both have the same num-
ber of prime divisors and the latter is the product of the smallest
contiguous set of primes. Thus, the distension i with respect to j >
1 must be smaller than that of j = 1.

Finally, recall Formula 5.2.2:

kp# <kt < (k-1)p #/k.

This formula implies that the largest t in level 1 is disqualified as it
is by definition at the top of a range that is progressively shortened
toward the bottom of the range. The distension seen in level 1 is
the largest possible distension. Therefore, ¢, has the largest possi-
ble value of i in the tier. =



For this reason, we call the distension pertaining to j = 1 the
“cardinal distension” i, of tier T.

We can approach cardinal distension using several methods.
The first two methods involve an iterative test. We'll look at one
that uses multiplicity notation later. This program assembles the
word described at the start of Proof 6.2 using arrays dependent on
i

(CODE 6.2)

Map[With[{n = #}, i = 1;
While[Times @@ Prime@ Flatten@ Position[#, 1] &@
Join[ConstantArray[l, n - 1],
ConstantArray[0, i], {1}] <
2 (Times @@ Prime@ Range@ n), i++]; i - 1] &,
Range@ 30]

{1, 1, 1, 2, 3,3, 4, 4, 5,6, 7,9 9,9, 9, 11, 13,

12, 13, 14, 13, 15, 15, 16, 19, 20, 19, 19, 18, 18}

Thus with this program it is clear that in tier 12, the cardinal dis-
tension is 9, which is to say p . # p, ,, a number with multiplicity no-
tation “111111111110000000001” or decimal 14640915779490.

We'll return to algorithms after Proof 6.2.1.

Corollary 6.2.1. Let the j-distension i be the distension that per-
tains to the maximum prime divisor for turbulent terms t of depth
j. The j-distension i decreases as j increases.

Proof 6.2.1. Recall the discussion of Formula 6.1.2 in Proof 6.2.
We mentioned the smallest prime totative p,, ., and deriving
p#/Pr_;,, fromt. Wehad determined thatp #/p .. . > p,_\*.
Compare the smallest prime totatives of depths jandj + 1,i.e., p ,._,
.pand Pir_jia) respectively. It is clear thatp(T_l_+ 0> Paa_jeay thus,
since the number T of distinct prime divisors must be conserved,
it is clear that the largest prime divisor that does not exceed 2p #
must be smaller for terms ¢ with larger values of j. =

We can approach programming j-distension in an algebraic or
multiplicity notation method. These methods integrate the con-
cept of 1-distension applied in code 6.2. This function uses an al-
gebraic approach:

(CODE 6.2.1)

iDistension[n , j_ ] := -1 + SelectFirst[Range@ n,
Function[i, # Prime[n + i]/Prime[n - j + 1] > 2 #] &[
Times @Q@ Prime@ Range@ n]]
/. k_ /; MissingQ@ k -> 1

iDistension[5, #] & /@ Range@ 5
{3, 1, 0, 0, 0}

This shows distension for all possible depths in tier 5. Thus,
for j = 2, the distension is 1, i.e., in multiplicity notation we have
“111011” = decimal 4290. Figure 6.2.1 shows the j-distensions in
tiers 1 < T'< 32.

Corollary 6.2.2. There is a maximum or “cardinal depth” j,. for tier
T. This implies that there is a “frustum primorial” p . # that di-
vides all terms  of tier T.

Proof 6.2.2. Figure 6.2.1 suggests this is true. We can at least say
that j, cannot exceed T, leaving 1. We studied similar scenarios in
Proofs 5.1 (odd numbers) and 6.1 (discarding all prime divisors of
primorial). Such numbers do not qualify for the reasons stated in
those proofs.

Figure 6.2.1 suggests DISTENSION(T + 1, j + 1) = DISTEN-
stoN(T, j) - 1 in all visible cases. If this holds true for all T, all we
would need to know in order to produce the same chart is cardinal

il 0

21 1

311

4] 2

50 3 1

6] 3 2

7 4 3 1

8l 4 3 1

91 5 3 2
10] 6 7 2 1
i1 7 9 3 1
12] 9 11 8 2
13] 9 16 11 6 1
14] 9 16 15 6 3
15] 9 15 14 9 3

1
16/ 11 20 16 13 6 2
171 13 28 24 16 12 6 1
18] 12 33 32 18 10 7 3
19] 13 36 48 33 13 7 4
201 14 40 50 49 27 10 5
21| 13 38 54 43 34 15 5
22| 15 40 57 56 32 24 9
23] 15 43 56 59 44 21 15 5
24| 16 49 70 58 52 35 14 10 3

25| 19 64 91 96 66 54 33 15 12 2

26| 20 78 130 124 107 61 50 29 14 10 1

27! 19 76 150 153 117 89 44 33 18 10 6

28| 19 72 140 186 137 89 63 29 23 10 5 3

29| 18 65 113 153 149 86 48 31 15 10 4 1 1
30/ 18 59 95 106 114 93 46 22 12 4 4 2

31| 23 78 123 141 129 124 93 40 20 11 5 4 1
32| 23 113 162 165 162 130 116 82 34 17 9 3 2

1 2 3 4 5 6 7 8 9 10 11 12 13
(FIG. 6.3) Total volume or population of distinct turbulent candi-
dates in depth j (horizontal axis) of tier T (vertical axis) of a(n).

distension. The consideration of depth leaves us with a primorial
pr_,¥ that divides all the terms generated by any j-distension i.
The depth or j parameter is actually a relational one tied to T itself.
In actuality, the coordinates (T, j) and (T + 1, + 1) refer to the
same prime, p = PRIME(T — j + 1). We could then write the table a
new objective way as Figure 6.2.2, solely in terms of g.

The prime p has a distension i that predicts the “staying power”
or “tolerance” a larger primorial has if p “goes missing.”

Instead of looking at distension i with respect to prime p, we
can simply use position in the list to signify the n-th prime and note
7(q) of the smallest prime g for which p no longer can be tolerated
as a gap in the prime decomposition of a turbulent candidate. We
arrive at this with the following code:

(CODE 6.2.2)
Table[n + iDistension[n, 1] /. {} -> {0}, {n, 70}]
This yields:
{1, 3, 4, 6, 8, 9, 11, 12, 14, 16, 18, ...}

With the exception of a(1), the resultant data matches OEis
A020900: “Greatest k such that prime p, < 2 p ”. Thus, cardinal
distension i is merely an artifact of p, <2 p . Harvey P. Dale wrote
an elementary script that generates the sequence:

(CODE 6.2.2.1)
Map [PrimePi@ NextPrime[#, -1] &,2 Prime@ Range@ 70]

This is essentially #(2 pT).

Now we can express distension and depth solely in terms of
4020900(T) =x(2 p,).

Cardinal distension i
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11 4 4 3 7 8 5 17 14 73 72 25 22
12 5 4 3 8 8 7 12 11 108 104 34 33
14 6 5 3 10 10 6 13 9 142 137 41 37
16 6 6 4 13 16 10 34 28 183 174 64 58
18 7 7 4 16 20 13 31 24 247 232 67 60
21 8 9 4 21 30 18 51 38 314 292 91 77
22 8 9 5 26 43 21 83 60 405 369 125 101
23 9 9 5 30 49 26 76 52 530 470 122 93
24 9 9 6 34 51 72 652 563 124
27 10 11 6 39 68 95 776 153
30 10 13 7 46 100 162 929 222
30 11 12 7 51 115 163 1151 229
32 11 13 8 57 156 228 1380 298
34 11 14 9 63 199 301 1678 373
34 12 13 9 67 205 274 2051 352
37 13 15 9 73 237 316 2403 398
38 14 15 9 79 259 331 2801 419
40 15 16 9 86 307 388 3220 484

44 15 19 10 96 452 599 3704 699

46 15 20 11 106 624 865 4403 967

46 16 19 11 114 715 951 5370 1057

47 16 19 12 122 776 1037 6427 1145

47 16 18 13 128 694 865 7572 9717

48 18 18 12 133 575 669 8549 795

54 18 23 13 144 792 959 9344 1089

55 19 23 13 154 1018 1225 10433 1361

58 19 25 14 166 1344 11794

59 21 25 13 177 1498

62 21 27 14 191 2088

62 21 26 15 203 2465

(FIG. 6.5) Summary of various aggregate aspects of each tier T of
a(n). The total of all j-distensions (i.e., the sum of i values for each
depth j) appears in the column marked “2(ij)”. The term “vol-
ume” means the number of turbulent terms, while “population”
means all terms. Primary volume refers to turbulence for level k =
1, while “total volume” refers to all turbulence in the tier. Figures
that pertain to A244052 appear in bold.

(6.2.2.2) i, =A020900(T) - T
=2(2p,)-T,
f)=1,
flx):=2(2p ) -x
Thus:

(6.2.2.3) DISTENSION(T, ) = A020900(T -~ j+1) - T - j+1
=f(T-j+1).

Therefore we could produce the tables using Formula 6.2.2.3
and need not probe primorials. This code is vastly more efficient
than codes 6.2 and 6.2.1. Figures 6.2.1, 6.2.2, and Appendix A4 de-
rive from 7(2 px) - X.

This code produces Figure 6.2.1:

(CODE 6.2.2.4)

Table[TakeWhile [
Map[
If[# == 1, 1, PrimePi[2 Prime@ #]] - n &[

n - #+ 1] &, Range@ n], # > 0 &],
{n, 12}] // TableForm

This association of j-distension with A020900 shows that there
is a cardinal depth j, for tier T, hence a frustum primorial p ;. _,#
that divides all terms n of tier T. Also, there is a totative p ;. )
common to all terms n in tier T. Because j-distension boils down to
afar more elementary problem, it becomes easy to determine these
parameters for large T =

Now we can define an algorithm for cardinal depth j, :

(CODE 6.2.2.5)

jDepth[n ] := -1 + SelectFirst[Range@ n,
Function[j, # Prime[n + 1]/Prime[n - j + 1] > 2 #] &[
Times @@ Prime@ Range@ n]]
/. j_ /; MissingQ@ j -> 1

Appendix A4 shows j-distension for tiers 1 < T < 60.

The definition and affirmation of the aggregate parameters of
turbulence in tier T sets the stage for an efficient generation of tur-
bulent candidates for A244052.

Corollary 6.2.3. We can determine the largest level k of tier T with
1<k<(p,, + 1), for which turbulent candidates t appear. This
is effectively the number of levels k of tier T for which we have tur-
bulence.

Proof 6.2.3. We can write a program that looks for the “reverbera-
tion” of the smallest turbulent term ¢, in tier T. We proved in Proof
6.1thatt =p ..  #p. . Proof5.2showsthattermskp # <kt< (k
-1) P /k relate to level-1 turbulent terms ¢. The formula implies
that the ratio in Formula 6.2.3 must be true if kt is in a(n).

(6.2.3) kt<(k+1)p#
Which simplifies to:
(6.2.3.1) kppoy < (k+1)p,

The sequence generated by these formulas matches OEIS A102551
for all n > 1. Thus we can use the following formula as well:

=1,
f(x) =rLoor(p /(p,,, ,,-P,)

The following code computes the “reverb” or the maximum
level k for which turbulence occurs in tier T:

(6.2.3.2)

(CODE 6.2.3)
Table[Floor[Prime[n]/ (Prime[n + 1] - Prime[n])] -
Boole[n == 1], {n, 30}]
{1, 1, 2, 1, 5, 3, 8, 4, 3, 14, 5, 9, 20, 10, 7, 8,
29, 10, 16, 35, 12, 19, 13, 11, 24, 50, 25, 53, 27, 8}

Thus we have proved that we can determine the largest level k
for which we can find a term n in a(n) such that # is not in A06073s.

Using figures at [https://primes.utm.edu/notes/gaps.html]
f(n) never exceeds p , since the difference p , , ,, - p, remains small
compared to p for n < 486570087. It is beyond the scope of this
paper to prove PRIME(p<n+ y~ p,) <p, forall n, ie., that we could
find “turbulence” even in level k = p, — 1 for some tier T. If this
occurs, it only can possibly occur for T > 486570087.

Theorem 6.3. The population or “volume” of turbulent terms t,



5 forj = 1 equals i, but for j > 1, there may be many more terms.

Proof 6.3. Terms with depth j involve retaining the first (T - 1)
prime divisors of p,# as p ., # and multiplying by a prime p, with
1 <i<i,. Because there are no further combinations of prime fac-
tors other than the single range pertaining to p, we have i, possible
combinations and none further for terms with j = 1.

Let’s look at an example in mutliplicity notation. For T = §, we
have 111101, 1111001, and 11110001 representing the terms per-
taining to depth of 1 and cardinal distension of 3. These are the
only possible combinations for depth of 1.

When depth j exceeds 1, there may be several variants owing to
the possibility of more than one prime distended from the smallest
configuration. It may be easier to visualize this through example in
multiplicity notation.

For T =11 and j = 2, we have the following combinations:

11111111011

111111110101

111111110011

1111111101001

11111111010001

1111111100101

11111111001001

The 2-distension at tier 11 is 4, but there are 7 possible com-
binations. In smaller tiers, terms with j > 1 may be constrained to
i terms, but the potential exists to have alternative configurations
with more than one prime smaller than the greatest prime factor
distended from the “home” position, i.e., compact and leaving only

the minimum prime totative g, less than j distinct prime factors. =

Let’s examine the j-distensions of tiers 1-12. Figure 6.4 below
at left shows the first 12 rows of Figure 6.2.1, while the right side
shows the first 12 rows of Figure 6.3. The chart on the left shows
the j-distension for k = 1. The tier T (vertical axis) is compared
against the depth j (horizontal axis). The chart on the right instead
shows the number of turbulent candidates with depth j.

(F1G. 6.4)
j-distension Volume

1]

2|

1]
2]

0 0

1 1
31 1 311
4] 2 41 2
51 3 1 50 3 1
6] 3 2 6] 3 2
70 4 2 1 71 4 _3 1
8| 4 3 1 8| 4 3 1
9] 5 3 2 9] 5 3 2
10/ 6 4 2 1 w0/ 6 _7 2 1
11 7 5 3 1 11 7 _9 3 1
121 9 6 4 2 121 9 11 8 2

It’s clear that there are more than one term with distension i
and depth j for values of 1 < j <j,.

SUMMARY OF AGGREGATE ASPECTS OF TURBULENCE.

Having arrived at definitions, proofs, and reviewed data regard-
ing turbulent candidates in a(n) and turbulent terms in A244052,
we can summarize what we know about terms in these sequences
that are not in A06073s.

Figure 6.5 charts various aspects pertaining to turbulence for
each tier 1 < T < 36 when known.

Let’s recap the various metrics in the chart by column.

1. Cardinal distension i . This is a relative measure of the largest

prime factor PRIME(i. + T) in the tier. With respect to multiplicity
notation, this is the number of digits between the last digit repre-
senting the greatest prime factor of primorial p ;. # and that of
Pr_;)¥ p#- Inall cases we have proven this must be a product of

Pir_yy¥ withlevel k=1 and depthj=1.

2. Cardinal depth j,. This measures the maximum number of
largest prime divisors of p, # we can divide p, # by to arrive at the
“frustum pr.imorial” Pa_j¥ with j = j.. This primorial is the great-
est prime divisor of all numbers in tier T.

3. This is the sum of all distensions at all depths jinlevel 1 of tier
T, i.e., the row sums of Figure 6.2.1.

4. This is the sum of all turbulent candidates at all depths j in
level 1 of tier T, i.e., the row sums of Figure 6.3.

5. The sum of all turbulent candidates at all depths j in all levels
of tier T.

6. The penultimate column ¢ gives the number of level 1 turbu-
lent terms of tiers in A244052.

7. The last column ¢, gives the total number of turbulent terms
in all levels of tiers in A244052.

7. Generation of Turbulent Candidates.

We can now marshal the aggregate parameters of distension i
and depth j to generate all potential turbulent terms t for each lev-
el k of tier T of A244052. Through Proof 5.2.2 we know that the
turbulent candidates of level 1 “reverberate” in level k > 1 until ex-
tinction per Corollary 6.2.3. It is sufficient that we only generate
turbulent candidates p # <n <2p #, then find kp # < kn < (k- 1)

#/k, having found all terms ¢ for k = 1.

Code 7.1 shows the “sweEP” function, which integrates many
of the concepts discussed in this paper to produce the squarefree
numbers p, # < n <2p #.

(CODE 7.1)
sweep[n_] := Block[{primorialP, jDepth, jFrustum,
encode, decode},
primorialP[x ] := Times @@ Prime@ Range@ x;
jDepth[x ] := -1 + SelectFirst[Range@ x,

Function[j, # Prime[x + 1]/Prime[x - j + 1] >
2 #] &[Times @@ Prime@ RangeQ x]]
/. j_ /; MissingQ@ j -> 1;
jFrustum[x ] := primorialP[x - # + 1] &@
(SelectFirst[Range@ x, Functionl[k,
# Prime[x + 1]/Prime[x - k + 1] > 2 #] &@
primorialP@ x] /. k_ /; MissingQ@ k -> 1);
encode[x ] := If[x == 1, {0}, Function[f,
ReplacePart[Table[0, {PrimePi[£[[-1, 11]1]}]1, #] &@
Map[PrimePi@ FirstQ@ # -> Last@ # &, f]]@
FactorInteger@ x];
decode[x ] := Times @@ Flatten@
MapIndexed|[Prime[#2]*#1 &, x];
Map[Select[#,
Function[k, # <= k <= 2 # &Q primorialPQ n]] &,
{{primorialP[n]}}~
Join~Map [Function[j, Function[i, Map[decode(@
Join[encode@ jFrustum@ n,
ConstantArray[l, jDepth@ n - j], {0},
Reverse@ IntegerDigits@ FromDigits@ #] &,
Reverse@ Rest@ Permutations|
ConstantArray[l, j]l~Join~
ConstantArray[0, i], {i + j}111I
If[# == 1, 1, PrimePi[2 Prime@ #]] - n]
&[n - j + 1]]1, Range@ jDepth@ n] ] 1]

The core of the program assembles the multiplicity notation
word encoding a candidate t this way:



1 2
01 011
5 001
0001
01 011
6 001 0101
0001
01 011 0111
7 001 0101
0001 0011
00001
01 011 0111
8 001 0101
0001 01001
00001
01 011 0111
001 0101 01101
9 0001 01001
00001
000001
01 011 0111 01111
001 0101 01101
0001 0011
10 00001 01001
000001 00101
0000001 010001
001001
01 011 0111 01111
001 0101 01101
0001 0011 011001
00001 01001
11 000001 00101
0000001 00011
00000001 010001
001001
0100001
01 011 0111 01111
001 0101 01101 011101
0001 0011 01011
00001 01001 00111
000001 00101 011001
12 0000001 00011 010101
00000001 010001 010011
000000001 001001 0110001
0000000001 000101
0100001
01000001
01 011 0111 01111 011111
001 0101 01101 011101
0001 0011 01011 011011
00001 01001 00111 010111
000001 00101 011001 0111001
0000001 00011 010101 0110101
00000001 010001 001101
13 000000001 001001 010011
0000000001 000101 0110001
0100001 0101001
0010001 01100001
0001001
01000001
00100001
010000001
0100000001
01 011 0111 01111 011111
001 0101 01101 011101 0111101
0001 0011 01011 011011 0111011
00001 01001 00111 010111
000001 00101 011001 0111001
0000001 00011 010101 01110001
00000001 010001 001101
14 000000001 001001 010011
0000000001 000101 0110001
0100001 0101001
0010001 0011001
01000001 01100001
00100001 01010001
010000001 011000001
001000001 0110000001
0100000001
1 2 3 4 5

(FIG. 8.1) Abbreviations of multiplicity notations for turbulent
terms ¢ in the first level of tier T in a(n) in reverse lexicographic
order. The chart is arranged in tiers (vertical axis) and depths
(horizontal axis). The data through tier 14 is validated. Terms
shown to be in appear in bold, while those that are not are in
italic. See Appendix B1. Below tier S, the cardinal depth is 1 and
all candidates are validated to exist in A244052.

1. Compute and encode the frustum primorial p ,_,# using
the cardinal depth ] as an array of (T - ]) ones.

2. Encode depth j as an array of j ones.
3. Encode the totative p ,_ ) as a single zero.

4. Find the permutations outside of the empty permutation
of the set consisting of j ones and i zeros.

5. Concatenate all the above arrays into the permutations
of valid multiplicity notations with T ones, depth j < J
and j-distension i.

6. Convert the multiplicity notation to decimal and check if
the number t < 2p #.

7. Output.

We then can place the SWEEP routine into Code 7.2 and gen-
erate all tier T candidates, including those that belong to A060735
proven to be in A244052, and the “turbulent candidates” t that re-
quire testing through the regular counting function r(t) to deter-
mine if they set records and are part of A244052.

(CODE 7.2)

Flatten[Table[{#, FromDigits@ encode@ #} & /@
Sort@ Flatten@ Map[Function[k, DeleteCases|[
Map[Select[#, # < (k + 1) primorialP@ n &] &,
(k sweep[n])], {}]1]1, Range[Prime[n + 1] - 1]1,
{n, 0, 16}], 1]

The functions generate candidates and numbers in A060735 up
to T=40,i.e,a(n) <p,#=1.665x 10%.

8. Analysis and Extension of A244052.
EXTENSION.

Given the code in this paper, we can generate the OEIS sequenc-
es A244052 and A244053.

I computed the first 54 terms of both sequences 18 June 2014.
David Corneth extended the sequences to 149 terms 10 February
2015. In November 2016, I used a congruence test based on reg-
ular m | n™ (see Code 2.2) to extend the sequence to 162 terms
before encountering memory problems. It is possible to divide
the range of n by a small primorial in order to segment the testing
process. This took hours per term but I reached term 188 in late
November.

On 10 January I wrote a program (Code 2.6) that wrote an ex-
pression similar to the most efficient Hamming number generator.
This code generated all terms of both sequences up to and includ-
ing tier 11 (term 313) in a single day. Tier 12 was computed the
following day. Tier 13 was processed over the next several days and
across the weekend.

On 15 January I wrote the level-range program (Code 2.6.2).
This enabled processing all m that share a common squarefree root
at the same time. The next day the terms of tier 14 that have GPE =
p,, were processed. I followed this with processing all the reverber-
ated turbulent candidates, then returned to Code 2.6 to wrap up all
turbulent candidates of tier 14 on 24 January 2017. This brought
the number of terms in each of A244052 and A244053 to 563.

At the time or writing, Code 2.6 and 2.6.2 were expected to re-
quire between 8:15 and 36 hours to bore through tier 15. Thave de-
cided that generation of these terms is beyond my current capacity,
that either a more efficient method might exist, or that someone
with a faster system or compiled programs might easily outdo this



sort of slog. Thus the dataset stands at 563 confirmed terms.

Appendix B1 contains the full dataset of 563 terms of A244052
and A244053.

REMARKS.
The following remarks pertain to the data in Appendix B1.

Firstly, 1 and 2 are in the sequences a(n) and A244052 because
they are the empty product and the smallest primorial, respective-
ly. The number 2 sets up the first tier, T = 1.

Generally, the terms of a(n) appear in the columns A244052(1)
and A054841(A244052(n)) were generated by constructing the
terms of Aoo2110 and A060735 and the turbulent candidates p#<
m <2 p# such that w(m) = T, and their reverberations in levels k.
The algorithm takes advantage of the concepts of distension and
depth and the relationship of cardinal distension and depth with
2020900, as well as the “multiplicity notation” of A054841. Thus,
a(n) can be rather efficiently constructed and all that remains is to
validate the turbulent candidates and their echoes.

A. The number 4 is the smallest term of the form k p# with1 <k<

P r.ry All tiers T > 1 have “levels” organized by k p, #.

B. The primorial 6 sets the greatest-seen value for the “tier jump
ratio” which is the regular counting function values for 6 and
that of the largest term in tier 1, 4, thus 5/3 = 1.6666...

C. The number 10 is the smallest “turbulent” term, having depth
j=1, distension i = 1, i.e,, GPF = p_and LPT = p,. The number
10 is of the abbreviated notation class 01, which represents the
smallest possible turbulent term of tier T. The turbulent form
01 appears in all tiers T > 2. The term “turbulence” refers to
the appearance of the A054841 “multiplicity notation” of m in
tier T.

D. The number 24 is the smallest term of A244052 that is not in
A275881, the sequence of numbers that have at least n/2 regu-
lars. This is to say that 24 has less than 24/2 = 12 regulars. OEIS
A275881=1{1,2,3,4,6,8,10, 12, 18,30}. Of these, {3, 4, 8} are
neither in a(n) nor A244052, since they are odd primes or per-
fect prime powers.

E. The term 30 is the largest term in A275881, with 18 regulars. It is
the largest number to have at least half of its range 1 < k < n reg-
ular. Additionally, 30 is the largest number in A020490 = {1, 2,
3,4,6,8,10, 12,18, 24, 30}: numbers that have at least as many
divisors as totatives. The number 30 is also the largest number
without composite totatives.

F. The term 84 is the smallest “echo turbulent” term, appearing
in the “reverb” segment of tier T = 3 level k = 2. This is to say
that 2 p # < 84 <3 p #. All tiers T > 3 have “reverb” segments
that come after the “primary turbulence” and precede the “tail”
wherein all terms are of the form k p, #. The number 84 is the
“echo” of 42: both are of the turbulent form 01.

G. The primorial 2310 sets the lowest-seen value for the “tier
jump ratio” which is the regular counting function values for
2310 and that of the largest term in tier 4, 2100, thus 283/192
=1.47396...,below 3/2.

H. The number 4290 is the first turbulent candidate in a(n) with
anegative value of r(a(n)) - r(a(n-1)), i.e., its regular function
value 315 is lower than that of the preceding candidate, 3990,
with r(3990) = 322. Further, 4290 is of the turbulent form 011,

the first candidate with depth j = 2. From this, it might seem to
follow that all terms of a(n) with depth j = 2 do not appear in
A244052. Tier T = § thus first instance of p, # < m < 2p, # with
w(a(n)) = T that does not appear in A244052. Though 4290 in
tier T = S disqualifies, no term of a(n) disqualifies in tier T = 6.

CoNJECTURE. Tier T = 6 is the greatest T having all of p,_# <
a(n) <2p #with w(a(n)) = T appear in A244052.

The term 17160990 of turbulent form 0111 in tier T = 8, is the
only turbulent candidate of that tier that does not appear in
A244052.

1. The number 46410 in tier T = 6 is the smallest term in A244052
with depth j = 2, of turbulent form 011. With r(46410) = 1257,
it bests the preceding term 43890 (turbulent form 001) by just
4 regulars.

All tiers T>=6 have depth-2 turbulent terms, and tier T=6 is the
smallest tier with

qualified depth j=2 turbulence.

J. The term 881790 is the smallest depth j = 3 candidate; r(881790)
is insufficient to qualify it. The number is of the turbulent form
0111. The number 17160990 in tier T = 8 and 380570190 in
tier T = 9 are also of this class and depth; the former the only
candidate disqualified in tier 8. These observations may lead us
to conjecture that no term with j > 2 can qualify...

K. The number 11797675890 of tier T = 10 is the smallest depth
j = 4 candidate. No candidate of this depth appears in tiers 10
through 14 of A244052.

L. Tier 11 is the smallest tier that has more depth j = 2 candidates
thanj=1.

M.The term 10491388397490 is the smallest depth j = 3 term in
A244052, it is of the turbulent form 0111 in tier T = 12. This tier
also includes a second depth 3 term 13326898775190 of the
form 010101. Thus tier T = 12 is the smallest tier with qualified
depth j=3 turbulence.

N. The number 22006326882540 is the smallest echo-turbulent
(secondary-turbulent) number that appears in a(n) but not in
A244052. This number is 2 x 11003163441270, the latter dis-
qualified in the primary turbulence of tier T = 12.

ConjECTURE. This supports the conjecture that a candidate
that fails to qualify in primary turbulence will not qualify in
higher levels k > 1. In all smaller tiers T, the smallest disqual-
ifying candidate in primary turbulence, t, was sufficiently large
such that 2t > 3 p, # and thereby did not appear in secondary
turbulence. This is the smallest instance that 2t < 3 p, #.

Thinking about how r(n) relates to r(2 n), I do not think that
it is necessarily always true that qualification of 2t as part of
A244052 is totally dependent on whether ¢ is in A244052. It is
beyond the aim of this study to examine this aspect.

O.The number 568815710072610 in tier T = 13 is the smallest
depth j = 5 candidate, but is disqualified in tier 13. Tier 13 has
44 turbulent candidates but disqualifies 23; it is the first tier to
disqualify more than half of the turbulent candidates predicted
by the necessary-but-insufficient condition described above.
Tier T = 12 has 31 but disqualifies 13. We conjecture that tier
13 is the smallest T where more turbulent terms of a(n) are not
such in A244052, and all larger T disqualify more than half such



candidates. An exception may be one or more smaller T > 13.
Itis also interesting to observe the regular function, i.e., the val-
ues of 7(c) = Ao10846(a(n)) holding narrowly in the channel
r(p,#) = 25547835 < r(c) < 27862209. This supports the con-
jecture that r(pT# ) necessarily sets the floor for r(c), and that all
cin tier T of a(n) have r(c) > r(pT#).

P. The term 902259402184140 in tier T = 13 is the echo-dis-
qualification of the depth j = 4, class -01111 candidate in level
k=2.

Do echo-disqualifications happen in every tier T > 122 The an-
swer seems to be yes.

Is the apparent “heritability” of qualification/disqualification
attributable to the size of numbers as the tiers increase, since
#(n) is not multiplicative? E.g., r(6) = Sbut r(2 x 6) = 8. Indeed
(451129701092070) = 26608037 but r(902259402184140)
=31986440.

ANALYSIS.

Let’s move on to explore the aggregate qualities of turbulence
in a(n) and in A244052 with the understanding that terms in both
sequences that are in A060735 (i.e., primorials and their integer
multiples) are well understood.

TURBULENT TERM ABBREVIATION. There are several ways to ab-
breviate turbulent terms using multiplicity notation. One method
is to eliminate the first run of 1s, that is, extract the “suffix” The
number of 1s in the first run = T - j. We are left with i zeros and
j ones in the suffix. This is useful for analyzing level k = 1 turbu-
lence. If we need to look at higher levels, the level might be made
to precede the suffix, e.g,, for tier 5 level 2 we would have 2:01 =
211101 = decimal 5460. Another method is to write run lengths
in multiplicity notation. The first method would have 903210 =
“111110101” as 51111 versus “0101.” Because the first method
seems clearer, we'll apply this to make Figure 8.1 more concise.
We can use these abbreviations to recognize classes of turbulence.

Figure 8.1 examines the appearance of first-level turbulence in
A244052, given turbulent candidates in a(n). Those that are shown
not to be in A244052 appear in italic. Verification at the time of this
paper’s writing ran through tier 14 (i.e., primorial 41) and primori-
alp, #. A fuller table appears in Appendix B2.

The chart in Figure 8.2 below summarizes the number of primary
turbulent distensions in a(#n) versus those in A244052. Looking at
Figure 8.1, what we are counting is the number of cells to the right
of each tier designation that have at least one term written in bold-
face. The decimal equivalents of such terms appear in A244052.

(FIGURE 8.2)

a(n) 2244052 (n)

11 0 11 0

2] 1 2] 1

311 31 1

41 2 4] 2

5] 3 1 51 3

6 3 2 6] 3 2

71 4 2 1 71 4 1

8| 4 3 1 8| 4 3

91 5 3 2 9] 5 1
101 6 4 2 1 10| 6 4
11 7 5 3 1 110 7 5
121 9 6 4 2 121 9 5 2
131 9 8 5 3 1 131 9 7 3
141 9 8 7 4 2 141 9 8 2

The chart in Figure 8.3 below summarizes the volume of first-level
turbulent terms in a(n) versus those in A244052 as shown in Figure
8.1. Totals in the right chart are in italic as they represent prevali-

dated figures:

(FIGURE 8.3)

a(n) 2244052 (n)
11 0 11 0

2] 1 2] 1
311 3] 1

4] 2 4] 2

50 3 1 5| 3

6] 3 2 6] 3 2
71 4 3 1 7 4 1
8 4 3 1 8 4 3
9] 5 3 2 9] 5 1
0 6 7 2 1 101 6 4
11 7 9 3 1 111 7 6
12 9 11 8 2 121 9 7 2
131 9 16 11 6 1 13] 9 9 3
14] 9 16 15 6 3 141 9 10 2

The charts reveal the following:
1. Full distension at depth j =1 in tiers T' < 11.

2. Note that no depth j > 3 appears in tier T < 11, while all
depth j = 1 distension terms appear in the same range.

3. Prevalidated terms in tier 12 show that depth 3 may exist

This suggests that all numbers a(n) of the form P Piray
with 1 < x < i appear in A244052. Looking at terms 146, 149, and
151 in, ie., tier 9 depth 1 terms that have “beaten out” those with
j > 1 suggests that terms in depth 1 are more “efficient” somehow
than those with j > 1. This would imply that all depth j = 1 terms
are in A244052.

Let’s take a look at some other analyses before conjecturing.

One

Figure 8.3 tabulates the following in order by row. The total of
all j-distensions (i.e., the sum of i values for each depth j) is first,
followed by the total volume of distinct level 1 turbulent candi-
dates in a(n). Finally, the total volume of level 1 turbulence in tiers
of A244052 includes figures in bold for confirmed totals, and italic
for pre-confirmed totals.

(FIG. 8.3)

Tier -> 1 2 3 4 5 6 7 8 9 10 11 12
T(i, 3) o 1 1 2 4 5 7 8 10 13 16 21
Volume 0 1 1 2 4 5 8 8 10 16 20 30
A244052 0 1 1 2 4 5 7 6 7 10 14 23






Regular counting functions r(n) = A010846(n):

(CODE C 1.1)

r[n_] := Function|[d,
Length@ Prepend][
Select[Range[2, n],
SubsetQ[d, FactorInteger[#][[All, 1]]] &], 111
[FactorInteger[n] [ [All, 1]]]
(* prime divisor subset PDS approach *)

(CODE C 1.2)

r[n ] := Select[Range@ n,
First@ NestWhile[Function[s,
e # &, {#, n},
And[First@ # '= 1, ! CoprimeQ Q@ #] &] == 1 &]
(* Recursive GCD approach *)

{#1/s, s}]@ GCD[#1, #2] &

(CODE C 1.3)

r[n_] := Count[Range@ n,
k_/; First@
NestWhile[Function[s, {#1/s, s}]1@ GCD[#1, #2] & @@ # &,
{k, n}, And[FirstQ@ # '= 1, ! CoprimeQ @@ #] &] == 1]
(* Recursive GCD approach *)

(CODEC 1.4)

r[n ] := Count[Range@ n, k_ /; PowerMod[n, k, k] == 0]
(* Congruency test: k | n*k *)

(CODE C 1.5)

r[n ] := With[{m = n*Floor@ Log2@ n},

Count[Range@ n, k_/; Divisible[m, k]1]
(* Congruency test: k | n*floor(log 2 n) *)

(CODE C 1.6)

r[n_ ] := Total@
Map [MoebiusMu[#] Floor[n/#] &,
Select[Range[n - 1], CoprimeQ[#, n] &]]
(* Moebius Function across totatives of n *)

(CODE C 1.7)

Most efficient r(n): O(log n) time:

r[n_] := Length@
Function[w,
ToExpression@
StringJoin["Module[{n = ", ToString@ n,
", k =0}, Flatten@ Table[k++, ",
Most@ Flatten@ Map[{#, ", "} &, #]1, "11"] &@
MapIndexed[
Function[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",
ToString@ First@ p, ", n/ (",
ToString@
InputForm[
Times @@ Map[Power QQ # &,
Take[w, First@ #2 - 1111,
")]1"11@ w[[First@ #21]1 &, w]
1@ Map[{#, ToExpression["p" <> ToString@ PrimePiQ@ #]} &,
FactorInteger[n] [[All, 1]]]
(* Regular Count
Logarithmic Constructor Approach |
(p_8# in 1s,
p_9# in 4.625s,
p_10# in 20s,
p_11# in 83.5s,
p_12# in 355s,

201701101605

p_13# in 1530s (25.5m),
p_l4# in (110m),

p_15# in (7:52:30) h,
p_l6# in (33:51) h) *)

(CODE C 2.1)

r[n ] := Function|w,
ToExpression@
StringJoin["Module[{k = 0, n =", ToString@ n, "}, ",

StringDrop[#, -1]1, "; k1"] &@
StringJoin@
Fold[{StringJoin["Do[", First@ #I, ToString@ #2,
"1."1,
StringJoin[Last@ #1]} &, {"k++, ", ""}, #] &@
Reverse@ MapIndexed|[
Function[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",
ToString@ First@ p, ", n/(",
ToString@
InputForm|[

Times QQ@ Map[Power Q@ # &,
Take[w, First@ #2 - 1111,
")1}"11@ w[[First@ #21] &, wll@
Map[{#, ToExpression["p" <> ToString@ PrimePiQ #]} &,
FactorInteger([n] [[All, 1]]]
(* Regular Count
Logarithm Approach |
(p_8# in 1.33 s,
p_9# in 5.55 s,
p_10# in 23.5s *)

Do Count | 201701131240

(CODE C 2.2)

Compute r(n) for all n with the same squarefree root—
very efficient:

levelwise[T , k1 : 1, k2 : 1, m : 1] :=
Module[{P = Times @Q@ Prime@ Range@ T,

n = If[k2 == 1, NextPrime@ PrimeQ T - 1,
Min[k2, NextPrime@ Prime@ T - 1]], x, r},
x = If[m==1, P, m];
r[x ] := Function|w,
ToExpression(@

StringJoin["With[{n=",
"}, Flatten@ Table[",
ToString@ InputForm[Times QQ

ToString@ x,

Map[Power @@ # &, wl]l, ", ",
Most@ Flatten@ Map[{#, ", "} &, #], "11"] &@
MapIndexed|[
Function[p,

StringJoin["{", ToString@ Last@ p, ", 0, Log[",
ToString@ First@ p, ", n/(",
ToString@
InputForm|[
Times QQ@ Map[Power QQ # &,
Take[w, First@ #2 - 1111,
")1}"11@ w[[First@ #2]] &, w]l]l@
Map[{#, ToExpression["p" <> ToString@ PrimePi@ #]} &,
FactorInteger[x] [[All, 1]1]1];
Function[w,
Map [Function[k, {k x, Length@ TakeWhile[w, # <= k x &]}1],
Range[kl, n]]]@ SortR r[x n]]
(* Segmented Levelwise Regular Count kx | 201701151118
(k p_8#% in 3.63s,
k p 9% in 16.5s,
p_10# in 73s,
p_1l1# in 325.5s (5:25.5m),
p_12# in 1486s (25m),
p_13# in (6220s 1:53h),
p_l4# in 8:44h) ¥*)

oA A A A

(CODE C 3.1)

primorialP[n ] := Times Q@ Prime@ Range@ n; (* A002110(n) *)

(CODE C 3.2)

encode[n ] :=
If[n == 1, {0},
Function[f,
ReplacePart[Table[0, {PrimePi[f[[-1, 1]11}], #] &@
Map [PrimePi@ First@ # -> Last@ # &, f]l@
FactorInteger(@
n] (* Reversel@ IntegerDigits@ A054841(n) *);



(CODE C 3.3)

decode[n ] := Times @@ Flatten@
MapIndexed[Prime[#2]*#1 &, n];

(CODE C 4.1)

sweep[n_ ] := Block[{primorialP, jDepth, tierGCD,
encode, decode},
primorialP[x ] := Times Q@ Prime@ Range@ x;
jDepth[x ] := -1 +
SelectFirst[Range@ x,
Function[j, # Prime[x + 1]/Prime[x - j + 1] > 2 #] &[
Times @@ Prime@ Range@ x]] /. i_ /; MissingQ@ j -> 1;
tierGCD[x ] :=
primorialP[x - # + 1] &@
(SelectFirst[Range@ x,
Function[k, # Prime[x + 1]/Prime[x - k + 1] > 2 #] &@
primorialP@ x] /. k_ /; MissingQ@ k -> 1);
encode[x ] :=
If[x == 1, {0},
Function[f,
ReplacePart[Table[0, {PrimePi[f[[-1, 1]]1}]1, #] s&e@
Map[PrimePiQ First@ # -> LastQ # &, f]]@
FactorInteger@ x];
decode[x ] := Times Q@ Flatten@
MapIndexed|[Prime[#2]*#1 &, x];
Map [Select[#,
Function[k, # <= k <= 2 # &Q primorialPQ n]] &,
{{primorialP[n] }}~Join~
Map|
Function|[j,
Function[i,
Map [decode@
Join[encode@ tierGCD@ n,
ConstantArray[l, jDepth@ n - j], {0},
Reverse@ IntegerDigits@ FromDigits@ #] &,
Reverse(@
Rest@ Permutations]|
ConstantArray[1l, j]l~Join~

ConstantArray[0, i], {i + j}111I[
If[# == 1, 1, PrimePi[2 PrimeQ #]] - n] &[
n - j+ 111,
Range@ jDepth@ n]]]
(* sweep | 201609142100

output all level-1 candidates for A244052
including A060735 terms. *);

(CODE C 4.2)

tier[n ] :=
Sort@ Flatten@
Map [Function[k,
DeleteCases|[
Map[Select[#, # < (k + 1) primorialP@ n &] &,
(k sweep[n])], {}11,
Range[Prime[n + 1] - 1]]
(* generate all candidates in tier n *);

(CODE C 4.3)

jDepth[n ] := -1 +
SelectFirst[Range@ n,
Function[k, # Prime[n + 1]/Prime[n - k + 1] > 2 #] &[
Times @@ Prime@ Range@ n]] /. k_ /; MissingQ@ k -> 1
(* algebraic j-depth of primorial (omega) *);

(CODE C 4.4)
jNumber([n ] := Block[{primorialP, j},
primorialP[x ] := Times @@ Prime@ Range@Q x;

j = (SelectFirst[Range@ n,
Function[k, # Prime[n + 1]/Prime[n - k + 1] > 2 #] &@
primorialP@ n] /. k_/; MissingQ@ k -> 1) - 1;
Floor[primorialP[n + 1]/Prime[n - j + 1]11]]
(* algebraic deepest tier-T turbulent number m = number
with least prime totative lpt of tier *);

(CODE C 4.5)
tierGCD[n ] := Block[{primorialP, j},
primorialP[x ] := Times @@ Prime@ Range@Q x;

j = (SelectFirst[Range@ n,
Function[k, # Prime[n + 1]/Prime[n - k + 1] > 2 #] &@
primorialP@ n] /. k_ /; MissingQ@ k -> 1) - 1;
primorialP[n - j]]
(* algebraic j-depth of primorial (T) = GCD of tier,
formerly "jFrustum" *);

(CODE C 4.6)

primeFrustum[n ] :=
n + 1 - SelectFirst[Range@ n,
Function[k, # Prime[n + 1]/Prime[n - k + 1] > 2 #] &[
Times Q@ Prime@ Range@ n]] /. k_ /; MissingQ@ k -> 1
(* primorial frustum at depth of

primorial (omega) = pi(gpf (GCD of tier T))*)
(CODE C 5.1)
iDistension[n , j_ ] := -1 +

SelectFirst[Range@ n,
Function[i, # Prime[n + i]/Prime[n - j + 11 > 2 #] &[
Times @@ Prime@ Range@ n]] /. k_ /; MissingQ@ k -> 1
(* Distension of primorial(n) at depth j, i.e., greatest
pi(gpf) for numbers m with lpt=prime(T-j+1) *);

(CODE C §5.2)

iNumber[n , j_] := Block[{primorialP, i},
primorialP[x ] := Times @@ Prime@ Range@ x;
i = (SelectFirst[RangeQ n,
Function[k, # Prime[n + k]/Prime[n - j + 1] > 2 #] &@
primorialP@ n] /. k_ /; MissingQ@ k -> 1) - 1;

If[i ==10, 1,

primorialP[n - j] *

(Times @@ Prime@ Range[n - j + 2, n]) * Prime[n + i]]]

(* algebraic most distended omega-turulent candidate

at depth j, i.e., m with omega (m)=T that has
greatest gpf with lpt at prime(T-j+1) *)
(CODE C 5.3)
£[T ] := {{T, primorialP@ T},

Map [Function[w,
{StringReverse@ ToString@ FromDigits@ Reverse(
Take[#, - (LengthQ # - LengthQ TakeWhile[#, #==1 &])] &@
encode@ w, #, Lookup[t, #]} &@ w] /@
Select[#, Function[k, # <= k <= 2 # &Q primorialP[T]]] &,
Map [Function[j, Function[i,
Map[Times @@ Flatten@ MapIndexed[Prime[#2]"#1 &, #]&@
Join[encode@ tierGCD@ T,
ConstantArray[l, jDepth@ T - j], {0},
Reverse@ IntegerDigits@ FromDigits@ #] &,
Reverse@ Rest@ Permutations|[
ConstantArray[1l, j]l~Join~
ConstantArray[0, 1], {i + F}111[
If[#==1, 1, PrimePi[2 Prime@ #]] - T] &[T - j + 1]1,
Range@ jDepth@ T]]}
(* Analyze Tier T turbulent terms by depth class:

Format: abbreviated notation -
n - r(n) - Presence in A244052/3 ¥*)
(CODE C 6.1)

attributableToGPF[n ] :=
Function[P,
Total@ Map[MoebiusMu[#] Floor[P/#] &,
Select[Range@ P,
And[CoprimeQ[#, Times Q@ Prime@ Range[n - 1]],
Divisible[#, Prime@ n]] &]11[
Times @@ Prime@ Range@ n]
(* portion of r(p n#) attributable to p n
201702071500, based on Mertens function *)



(CODE C 6.2)

attributableToPrimek[n , k ] :=
Function[P,
Total@ Map[MoebiusMul[#] Floor[P/#] &,
Select[Range@ P,
And[CoprimeQ[#, Times Q@ Prime@ Range@ n/Prime@ k],
Divisible[#, Prime@ k]] &]111I
Times Q@ Prime@ RangeQ n]
(* portion of r(p_n#) attributable to p_k
with 1<=k<=n 201702072030 *)

(CODE C 6.3)

attributableToPrimek[n , k ] :=
Block[{P = Times Q@ Prime@ Range@ n},
Length@ Function[w,
ToExpression(@

StringJoin["Module[{n = ", ToStringQ P,

", k= 0}, Flatten@ Table[k++, ",
Most@ Flatten@ Map[{#, ", "} &, #], "]11"] &@
MapIndexed|[
Function|[p,
StringJoin["{", ToString@ Last@ p, ", 0, Log[",
ToString@ First@ p, ", n/(",

ToString@ InputForm[
Times QQ@ Map[Power Q@ # &,
Take[w, First@ #2 - 1111,
")]1}"11@ w[[First@ #2]] &, w]ll@
Map[{#, ToExpression["p" <> ToString@ PrimePi@ #]} &,
FactorInteger[P/Prime@ k][[All, 11]] ]

Some interesting runs:

1. Generate candidates and multiplicity notations for the
candidates in tier T:

{#, FromDigits@ encode@ #} & /@ tier@ 5 // TableForm
2. Generate deepest candidate m (with maximum j) in tier T:

{primorialPQ #, jDepth@ #, FromDigits@ encode@ jNumber@ #,
2 primorialPQ #} & /@ Range@ 8 // TableForm

{primorialPQ@ #, jNumberQ@ #, FromDigitsQ@ encode@ jNumber@ #,
tierGCDR #,

primeFrustum@ #,

FromDigits@ encode[Times @@ Prime@ Range@ primeFrustum@
#1,

2 primorialPQ #} & /@ Range@ 12 // TableForm

3. Compare cardinal distension to tier GCD (cardinal depth)
for tier T:

{#, # + iDistension[#,
// TableForm

1], primeFrustum@ #} & /@ Range@ 36

4. Generate Table 1:

Table[Map[iDistension[n, #] &, Range@ jDepth@ n] /. {} ->
{0}, {n, 40}1 //
TableForm (* T(n,k) with n = omega, k = distension at

depth = position(k) *)

With[{n =
12}, {#,
FromDigits@ encode@ # & /@
Map [iNumber[n, #] &, Range@ jDepth @n] /. {}
2 #} &Q primorialP @ n]
(* deepest j, most distended i for j ¥*)

-> {0},

5. Generate multiplicity notations present in tier T sorted
by depth:

Table[{primorialP@ n,
FromDigits[encode@#] & /@
Select[#, Function[k, # <= k <= 2 # &Q primorialP[n]]]
& /@
Map [Function[j,
Function[i,
Map[Times Q@ Flatten@ MapIndexed[Prime[#2]*#1 &,
#] (* decode *)&@

Join[encode@ tierGCD@ n,
ConstantArray[l, jDepth@ n - jl, {0},
Reverse@ IntegerDigits@ FromDigits@ #] &,
Reverse@
Rest@ Permutations]|[
ConstantArray[1l,
ConstantArray[0, i],
If[# == 1,

jl~Join~
{1 + 3H11L
1, PrimePi[2 Prime@ #]] - n] &[n - j +
111,
Range@ jDepth@ n]}, {n, 1, 15}] // TableForm
(* signatures per class 20161023 *)

6. Generate Table 3:

Table[Length@ Select[#, Function[k, # <= k <= 2 # &@ pri-
morialP[n]]] & /@
Map [Function[j,
Function|[i,
Map[Times @@ Flatten@ MapIndexed[Prime[#2]"#1 &,
#1 (* decode *)&@
Join[encode@ tierGCD@ n,
ConstantArray[l, jDepth@ n - j], {0},
Reverse@ IntegerDigits@ FromDigits@ #] &,
Reverse@ Rest@
Permutations[
ConstantArray[l, j]~Join~ConstantArray[0, i],
{i + 3111
If[# == 1, 1, PrimePi[2 Prime@ #]] - n] &[n - j + 1]1],
Range@ jDepth@ n], {n, 2, 32}] // TableForm
(* Sweep Program | Enumerator 20161032 ¥*)

7. Generate Table 6:

Table[ (-1) attributableToPrimek[n, k], {n, 8}, {k, n}l //
TableForm

8. Generate Table 7 (This may be more efficient via memoiza-
tion in a Do loop):

Table[r[Times @@ Prime@ Range@ n] + attributableToPrimek|[n,
k], {n, 8}, {k, n}]
// TableForm
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APPENDIX Al: Values of regular function r(n) for 1 < n < 540 = OEIS A010846.

79 2 157 2 235 6 313 2 391 5 469
80 14 158 10 236 11 314 11 392 20 470
81 5 159 7 237 7 315 25 393 8 471
82 9 160 18 238 23 316 12 394 11 472
83 2 161 5 239 2 317 2 395 6 473
84 28 162 24 240 49 318 34 396 48 474
85 5 163 2 241 2 319 5 397 2 475
86 9 164 11 242 15 320 22 398 11 476
87 7 165 18 243 6 321 8 399 19 477
88 11 166 10 244 11 322 24 400 23 478
89 2 167 2 245 9 323 5 401 2 479
920 32 168 38 246 32 324 30 402 36 480
91 5 169 3 247 5 325 8 403 5 481
92 10 170 24 248 12 326 11 404 12 482
93 7 171 8 249 8 327 8 405 16 483
94 9 172 11 250 20 328 13 406 26 484
95 5 173 2 251 2 329 5 407 5 485
96 20 174 29 252 45 330 77 408 43 486
97 2 175 8 253 5 331 2 409 2 487
98 13 176 14 254 10 332 12 410 29 488
99 8 177 7 255 19 333 9 411 8 489
100 15 178 10 256 9 334 11 412 12 490
101 2 179 2 257 2 335 6 413 6 491
102 25 180 44 258 33 336 50 414 41 492
103 2 181 2 259 5 337 2 415 6 493
104 11 182 22 260 30 338 16 416 17 494
105 16 183 7 261 9 339 8 417 8 495
106 9 184 12 262 11 340 31 418 25 496
107 2 185 6 263 2 341 5 419 2 497
108 21 186 29 264 41 342 40 420 96 498
109 2 187 5 265 6 343 4 421 2 499
110 21 188 11 266 24 344 13 422 11 500
111 7 189 11 267 8 345 19 423 9 501
112 14 190 24 268 12 346 11 424 13 502
113 2 191 2 269 2 347 2 425 8 503
114 26 192 25 270 53 348 38 426 36 504
115 5 193 2 271 2 349 2 427 6 505
116 10 194 10 272 14 350 39 428 12 506
117 8 195 18 273 18 351 11 429 19 507
118 9 196 16 274 11 352 17 430 29 508
119 5 197 2 275 8 353 2 431 2 509
120 36 198 36 276 36 354 35 432 32 510
121 3 199 2 277 2 355 6 433 2 511
122 9 200 19 278 11 356 12 434 26 512
123 7 201 7 279 9 357 19 435 21 513
124 10 202 10 280 36 358 11 436 12 514
125 4 203 5 281 2 359 2 437 5 515
126 33 204 33 282 33 360 58 438 37 516
127 2 205 6 283 2 361 3 439 2 517
128 8 206 10 284 12 362 11 440 36 518
129 7 207 8 285 19 363 12 441 14 519
130 23 208 14 286 24 364 29 442 25 520
131 2 209 5 287 5 365 6 443 2 521
132 31 210 68 288 29 366 35 444 40 522
133 5 211 2 289 3 367 2 445 6 523
134 10 212 11 290 27 368 14 446 11 524
135 12 213 7 291 8 369 9 447 8 525
136 12 214 10 292 12 370 28 448 21 526
137 2 215 6 293 2 371 6 449 2 527
138 27 216 26 294 48 372 38 450 64 528
139 2 217 5 295 6 373 2 451 5 529
140 27 218 10 296 13 374 25 452 12 530
141 7 219 7 297 11 375 15 453 8 531
142 10 220 28 298 11 376 13 454 11 532
143 5 221 5 299 5 377 5 455 16 533
144 23 222 31 300 55 378 52 456 44 534
145 6 223 2 301 5 379 2 457 2 535
146 10 224 17 302 11 380 31 458 11 536
147 10 225 13 303 8 381 8 459 11 537
148 11 226 10 304 14 382 11 460 31 538
149 2 227 2 305 6 383 2 461 2 539
150 41 228 34 306 40 384 31 462 79 540
151 2 229 2 307 2 385 16 463 2

152 12 230 25 308 28 386 11 464 14

153 8 231 17 309 8 387 9 465 21

154 22 232 12 310 27 388 12 466 11

155 6 233 2 311 2 389 2 467 2

156 31 234 37 312 41 390 80 468 48

Turbulent Candidates & 16



APPENDIX A2: Regular numbers 1 < m < n for composite 4 < n < 66 = OEIS A275280.

42 26 2 2 56 2
13] 113 226 dshe 7 2! 78 ; 124;;;586 o
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8 2 28 2 Pliols7
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5]10 3° 5 2
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1[2]4]s] g s 1slas 9 18[36
3(3]6]12 5T 2] 2] 27)54
19 15(30 46 - 3 28
4 ¢ 2 NP 418 16]32 ] 20 40
73124\8\ 3¢ [2s] 23146 37[15[30]60
714 145]
8 EnEEnr R e s
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78
20 28 7135 2550 64 95
o[2T4]80d .y 2 s1 3 [12]4]816[32/64]
> |10/20 1[2]4]3816]32] 17 L3 9 |27] 65 5
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1/2]4]8]16/32 1° 2
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APPENDIX A3: Regular numbers 1 < m < n for n = 2520 = OEIs A275280(2520).

2520 7° 7
50 28 50
1 [ 2] 4] 8 ]16]32]64]128]256]512]1024]2048]
3] 6 | 1224|4896 |192]384] 7681536
o | 18] 36 | 72 | 144288 576 |1152]2304 3
33| 27| 5# 108 [216 [ 432 | 564 1728
81 | 162 ] 324 | 648 1296
243 | 486 | 972 |1944
729 | 1438
1
2187 S
51 28
38
s 110]20]40] 80 |160]320] 640 1280
15 | 30 | 60 | 120 | 240 480 | 960 |1920
45 | 90 | 180 | 360 | 720 | 1440
3° 52
135 | 270 | 540 | 1080|2160
405 | 8101620 .
1215]2430 3
52 28
25 | 50 [ 100 | 200 [ 400 | 800 [1600
33/.75 | 150 300 600 [1200]2400
225 | 450 | 900 |1800 7%
675 1350 5 25
. 53 49 | 98 [ 196 | 392 | 784 [1568]
25 [250] 500 [1000]2001) 33| 147|294 | 588 [1176[2352
33| 375 | 750 |1500 441 | 882 | 1764
11252250 1323
st o S 2
[ msisoo 8 245 [ 490 | 980 [1960|
153 750 3% 735 [1470
2205
5? 28

3 fiassiaso

Turbulent Candidates & 17

28

14

28

56

112

224 | 448

896 1792

21

4

84

168

336

672 1344

63

126

252

504

1008

2016

189

378

756

1512

567

1134

2268

1701

28

3S

70

140

280

560

1120[2240]

105

210

420

840

1680

318

630

1260

2520

945

1890

1400

¥ling

74
50

3 ot

343

686

1372

1029

2058

28



Tier T

APPENDIX A4: j-Distension for Tiers 1 through 60

11 0

2] 1

301

4] 2

50 3 1

6] 3 2

71 4 2 1

8] 4 3 1

9] 5 3 2

0/ 6 4 2 1

111 7 5 3 1

121 9 6 4 2

13 9 8 5 3 1

14 9 8 71 4 2

51 9 8 7 6 3 1

16/ 11 8 7 6 5 2

17/ 13 10 7 6 5 4 1

18/ 12 12 9 6 5 4 3

19/ 13 11 11 8 5 4 3 2

20 14 12 10 10 7 4 3 2 1

21013 13 11 9 9 6 3 2 1

22015 12 12 10 8 8 5 2 1

23] 15 14 11 11 9 7 7 4 1

24] 16 14 13 10 10 8 6 6 3

25/ 19 15 13 12 9 9 7 5 5 2

26) 20 18 14 12 11 8 8 6 4 4 1

27 19 19 17 13 11 10 7 7 5 3 3

28] 19 18 18 16 12 10 9 6 6 4 2 2

29 18 18 17 17 15 11 9 8 5 5 3 1 1

30/ 18 17 17 16 16 14 10 8 7 4 4 2

311 23 17 16 16 15 15 13 9 7 6 3 3 1

3201 23 22 16 15 15 14 14 12 8 6 5 2 2

33 25 22 21 15 14 14 13 13 11 7 5 4 1 1

34| 25 24 21 20 14 13 13 12 12 10 6 4 3

35/ 27 24 23 20 19 13 12 12 11 11 9 5 3 2

36| 26 26 23 22 19 18 12 11 11 10 10 8 4 2 1

37| 28 25 25 22 21 18 17 11 10 10 9 9 7 3 1

38] 28 27 24 24 21 20 17 16 10 9 9 8 8 6 2

39] 28 27 26 23 23 20 19 16 15 9 8 8 7 7 5 1

401 28 27 26 25 22 22 19 18 15 14 8 7 7 6 6 4

411 30 27 26 25 24 21 21 18 17 14 13 7 6 6 5 5 3

421 30 29 26 25 24 23 20 20 17 16 13 12 6 5 5 4 4 2

43| 32 29 28 25 24 23 22 19 19 16 15 12 11 5 4 4 3 3 1

441 32 31 28 27 24 23 22 21 18 18 15 14 11 10 4 3 3 2 2

45/ 32 31 30 27 26 23 22 21 20 17 17 14 13 10 9 3 2 2 1 1

46| 32 31 30 29 26 25 22 21 20 19 16 16 13 12 9 8 2 1 1

47| 35 31 30 29 28 25 24 21 20 19 18 15 15 12 11 8 7 1

48] 38 34 30 29 28 27 24 23 20 19 18 17 14 14 11 10 7 6

49| 38 37 33 29 28 27 26 23 22 19 18 17 16 13 13 10 9 6 5

50/ 38 37 36 32 28 27 26 25 22 21 18 17 16 15 12 12 9 8 5 4

511 39 37 36 35 31 27 26 25 24 21 20 17 16 15 14 11 11 8 7 4

521 39 38 36 35 34 30 26 25 24 23 20 19 16 15 14 13 10 10 7 6

53] 39 38 37 35 34 33 29 25 24 23 22 19 18 15 14 13 12 9 9 6

54| 41 38 37 36 34 33 32 28 24 23 22 21 18 17 14 13 12 11 8 8

55| 42 40 37 36 35 33 32 31 27 23 22 21 20 17 16 13 12 11 10 7

56| 43 41 39 36 35 34 32 31 30 26 22 21 20 19 16 15 12 11 10 9

57| 42 42 40 38 35 34 33 31 30 29 25 21 20 19 18 15 14 11 10 9

58] 42 41 41 39 37 34 33 32 30 29 28 24 20 19 18 17 14 13 10 9

59| 42 41 40 40 38 36 33 32 31 29 28 27 23 19 18 17 16 13 12 9

60] 42 41 40 39 39 37 35 32 31 30 28 27 26 22 18 17 16 15 12 11
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Depthj

Turbulent Candidates & 16
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2|
3
4
5|
6
71
8]
91
10
11
12]
13]
14
15]
16
17
18
19
20
21
22
23
24|
25
26
27
28|
29|
30
31
32]
33
34
35]
36|
371
38|

W J o U WwWN D

10
11
12

n
1
2
3
4
5
6
7
8

9
10
11
12

n
1
2
3
4
5
6
7
8

9
10
11
12

0
1
1
2
3 1
3 2
4 3
4 3
5 3
6 7
7 9
9 11
9 16
9 16
9 15
11 20
13 28
12 33
13 36
14 40
13 38
15 40
15 43
16 49
19 64
20 78
19 76
19 72
18 65
18 59
23 78
23 113
25 118
25 121
27 131
26 148
28 148
28 162
1 2
r(p_n#)
2
5
18
68
283
1161
4843
19985
349670
1456458
6107257
25547835
r (p_n#)
2
5
18
68
283
1161
4843
19985
349670
1456458
6107257
25547835
r(p n#)
2
5
18
68
283
1161
4843
19985
349670
1456458
6107257

25547835

130
150
140
113

95
123
162
264
258
310
314
383
390

165
220
363
431
485
491
665

11

47
206
871
3732
15680
66141

281949
1186118
5017655

p_1

2

1

2

7

21

77
290
1111
4305
16933
67721

270340
1089602

GO s s D W WwWNDNDN

p_1
2

.57143
.2381

.67532
.00345
.35914
.64228
.90604
.16339
.3875

.60503

162
190
204
471
495

37
170
734

3190
13554
57713

248018
1049898
4465718

p_2
3

3

9

31
113
427
1653
6431
25361

101652
406560
1641539

W wWwwwwhdhhpNoND N

p_2
3

.66667

.19355
.50442
. 71897
.92982
.1076
.27566
.43987
.58239
.72045

1
3
4 2
5 3
5 2
9 3
15 5
14 10
33 15
50 29
44 33
63 29
48 31
46 22
93 40
116 82
126 108
132 89
156 126
169 118
420 134
485 380
7 8
p 3
5
6
27
130
583
2601
11239
48461
210504
898509
3849404
p_3
5
12
41
153
578
2242
8746
34613
139166
557949
2257853
p_3
5
1.5
1.65854
1.84967
2.00865
2.16012
2.28504
2.40008
2.51261
2.61038
2.7049

1
1
1
1
3
12 2
14 10
18 10
23 10
15 10
12 4
20 11
34 17
73 28
74 48
85 72
94 62
92 73
110 73
9 10
p 4
7
22
109
500
2268
9906
43107
188649
809882
3486968
p 4
7
46
174
661
2575
10079
39967
161021
646576
2620289
p 4
7
1.47826
1.62644
1.75643
1.88078
1.98284
2.07856
2.17158
2.25257
2.33076

84

405
1877
8337
36738
162498
703282

3049110

p 5
11

199
756
2966
11648
46336
187172
753176

3058147

N

p_5
11

.42211
.53571
.63284
.71575
.79286
.86817
.93376
.99704

373
1746
7813

34601
153691
667209

2900419

p_6
13

788
3097
12172
48473
195979
789249

3206838

Ll e e el

p_6
13

.47335
.56377
.64188
.71382
.78422
.84537
.90445

1556
7031
31405
140428
612779

2675418

p_7
17

3287
12954
51669

209242
843679

3431839

N SN

p_7
17

.47338
.54277
.60781
.67113
.72632
. 77959

6728
30155
135239
591418

2586893

p_8
19

13257
52919
214431
865040

3520364

SIS

p_8
19

.50751
.56983
.63069
.68369
.73484

p 9 p_10 p 11 p 12
23 29 31 37
28111
126722 117035
556289 516197 505163
2441064 2274216 2228176 2110136
p_9 p_10 p_11 p_12
23 29 31 37
54963
222948 232635
900169 940261 951295
3666193 3833041 3879081 3997121
p_9 p_10 p_11 p_12
23 29 31 37
1.51145
1.56839 1.50308
1.61798 1.54899 1.53103
1.66583 1.59332 1.57441 1.52791



APPENDIX B1: Analytical Review of a(n) vs. OEIS A244052 for Tiers 1 through 15.
that term appears in that sequence. If the term

This table regards the terms of the neces-
sary-but-not-sufficient condition for terms of

OEIS A244052, here referred to as a(n).
The first column lists 1, with a(n) in the
fifth column. The second and third columns

list primorial p, # and level 1 <k <p @D for
the first term in that tier and level. The fourth
column lists the position of a(n) in A244052, if

p#
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33
34
35
36
37
38
39
40
41
42
43
44
45
46
47

150
180
210
330
390
420
630
840
1050
1260
1470
1680
1890
2100
2310
2730
3570
3990
4290
4620
5460
6930
8190
9240
10920
11550
13650
13860
16170
18480
20790
23100
25410
27720

BN o 2054841 (a(n))

=N
N =

@ %®

w
et

111
1101
211
2101
121
311
112
221
1111
11101
111001
2111

1211

3111

1121

2211

1112

4111

1311

2121
11111 @
111101
1111001
11110001
111011
21111
211101
12111
121101
31111
311101
11211
112101
22111
11121
41111
13111
21211
11112
32111

®

has been confirmed not appear in A244052, we

place “” in that column. If a term is implicitly
a part of A244052 and no potentially uncon-

firmed terms appear before it, the number
appears in italics. “Notation” used in this paper,

i.e., A054841(n) reversed, appears in the sixth

column. The value of r(a(n)) = Ao10846(a(n)),

© o Ul wN K A010846(a(n))

183
192
283
295
313
322
315
382
395
452
463
505
519
551
567
593
629
660
691
717
743
766

Deficit

n p#
49 134
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72

73 174
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107

Turbulent Candidates & 16

-

10
11
12
13
14
15
16
17
18

A244052

77

78
79
80
81
82
83
84
85
86
87
88
89

91
92

94
95

97
98

100
101
102
103

when known, appears in the last column. If

the term pertains to the corresponding term
in A244052, i.e, if it is in A244053, it is shown

in bold. Finally, the “deficit” of regulars of
turbulent candidates in a(n) that fail to set

records and appear in A244052 is shown in the

last column.

a(n)
30030
39270
43890
46410
51870
53130

@ 60060

78540

87780

90090
117810
120120
150150
180180
210210
240240
270270
300300
330330
360360
390390
420420
450450
480480

510510

570570

690690

746130

870870

881790

903210

930930
1009470
1021020
1141140
1381380
1492260
1531530
1711710
2042040
2282280
2552550
2852850
3063060
3423420
3573570
3993990
4084080
4564560
4594590
5105100
5615610
6126120
6636630
7147140
7657650
8168160
8678670
9189180

A054841 (a(n))

111111
1111101
11111001
1111011
11110101
111110001
211111
2111101
21111001
121111
1211101
311111
112111
221111
111211
411111
131111
212111
111121
321111
111112
211211
122111
511111

1111111
11111101
111111001
11111011
1111110001
11110111
111110101
11111100001
111110011
2111111
21111101
211111001
21111011
1211111
12111101
3111111
31111101
1121111
11211101
2211111
22111101
1112111
11121101
4111111
41111101
1311111
2121111
1111211
3211111
1111121
2112111
1221111
5111111
1111112
2311111

A010846(a(n))

Deficit

129
47

24



108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141

142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
lel
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182

p#
19#

23#

w

@ -3 o Ul

11
12
13
14
15

17
18

20
21
22
23
24

26
27
28

244052

< a(n)
104(®) 9699690
105 11741730
106 13123110
107 14804790
108 15825810
109 16546530

. 17160990
110 17687670
111 18888870
112 19399380
113 23483460
114 26246220
115 29099070
116 35225190
117 38798760
118 46966920
119 48498450
120 58198140
121 67897830
122 77597520
123 87297210
124 96996900
125 106696590
126 116396280
127 126095970
128 135795660
129 145495350
130 155195040
131 164894730
132 174594420
133 184294110
134 193993800
135 203693490
136 213393180
137 223092870
138 281291010
139 300690390
140 340510170
141 358888530

363993630

. 380570190
142 397687290

. 406816410
143 417086670

. 434444010
144 446185740
145 562582020
146 601380780
147 669278610
148 843873030
149(c) 892371480
150 1115464350
151 1338557220
152 1561650090
153 1784742960
154 2007835830
155 2230928700
156 2454021570
157 2677114440
158 2900207310
159 3123300180
160 3346393050
161 3569485920
162(d)792578790
163 4015671660
164 4238764530
165 4461857400
166 4684950270
167 4908043140
168 5131136010
169 5354228880
170 5577321750
171 5800414620
172 6023507490
173 6246600360

A054841(a(n))
11111111
111111101
111111011
1111111001
11111110001
1111110101
111110111
11111101001
111111100001
21111111
211111101
211111011
12111111
121111101
31111111
311111101
11211111
22111111
11121111
41111111
13111111
21211111
11112111
32111111
11111211
21121111
12211111
51111111
11111121
23111111
11111112
31211111
12121111
21112111

111111111
1111111101
11111111001
1111111011
111111110001
11111110101
1111110111
1111111100001
11111101101

11111111000001

111111101001
211111111
2111111101
21111111001
121111111
1211111101
311111111
112111111
221111111
111211111
411111111
131111111
212111111
111121111
321111111
111112111
211211111
122111111
511111111
111111211
231111111
111111121
312111111
121211111
211121111
111111112
421111111
113111111
211112111
141111111
311211111

19985
20605
20929
21453
21713
21769
21559
22028
22443
25289
26005
26370
28924
29701
31776
32594
34150
36204
38028
39660
41161
42543
43827
45029
46156
47233
48240
49202
50130
51014
51861
52680
53468
54226

83074

86054

86978

88168

89598

89097

89235

91214

90163

91993

91713
103747
107188
108267
117837
121572
128844
137989
145890
152876
159160
164894
170187
175094
179692
184000
188085
191949
195627
199150
202514
205745
208859
211853
214739
217534
220238
222860
225410
227879
230293

210

501
363

1051

280

n

183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246

p# k

10
11
12
13
14

15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

182

183

184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

Turbulent Candidates & 16

a(n)
6469693230
6915878970
8254436190
8720021310
9146807670
9592993410

10407767370
10485364890
10555815270
11125544430
11532931410
11797675890
11823922110
12095513430
12328305990
12598876290
12929686770
12939386460
13831757940
16508872380
17440042620
18293615340
19185986820
19409079690
20747636910
24763308570
25878772920
27663515880
32348466150
34579394850
38818159380
41495273820
45287852610
48411152790
51757545840
55327031760
58227239070
62242910730
64696932300
69158789700
71166625530
76074668670
77636318760
82990547640
84106011990
89906426610
90575705220
96822305580
97045398450
103515091680
109984784910
116454478140
122924171370
129393864600
135863557830
142333251060
148802944290
155272637520
161742330750
168212023980
174681717210
181151410440
187621103670
194090796900

A054841(a(n))
1111111111
11111111101
111111111001
11111111011
1111111110001

11111111100001

111111110101

111111111000001

11111110111
111111110011
1111111101001
11111101111

1111111110000001
11111111010001

1111111100101
111111101101

11111111001001

2111111111
21111111101
211111111001
21111111011
2111111110001

21111111100001

1211111111
12111111101
121111111001
3111111111
31111111101
1121111111
11211111101
2211111111
22111111101
1112111111
11121111101
4111111111
41111111101
1311111111
13111111101
2121111111
21211111101
1111211111
11112111101
3211111111
32111111101
1111121111
11111211101
2112111111
21121111101
1221111111
5111111111
1111112111
2311111111
1111111211
3121111111
1212111111
2111211111
1111111121
4211111111
1131111111
2111121111
1411111111
3112111111
1111111112
2221111111

349670
352998
362468
363560
368348
371174
373037
376626
370805
376388
378944
374310
384339
381784
382299
380250
385136
431624
435480
446460
447583
453304
456596
487176
491365
503307
530392
534821
566239
570877
597138
601928
624417
629355
648948
654009
671297
676486
691878
697158
710992
716352
728833
734288
745602
751131
761438
767049
776445
790734
804368
817412
829930
841952
853533
864733
875544
885995
896134
905970
915521
924832
933876
942700

Deficit

5821
238

4634
2555

2040
4089



n

247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313

p#
314#

< a(n)
232 200560490130
233 239378649510
234 255887521890
235 265257422430
236 278196808890
237 @283551037770
238 297382795710
239 304075581810

322640788470
240 325046311590
241 338431883790
242 342893741190

354940756170

357520873710
243 366541585410

374960916330
244 381711900570

387958500930

390565164990

393312729810
245 394651287030
246 401120980260
247 478757299020
248 511775043780
249 530514844860
250 556393617780
251 567102075540
252 594765591420
253 601681470390
254 718135948530
255 767662565670
256 795772267290
257 802241960520
258 957514598040
259 1002802450650
260 1196893247550
261 1203362940780
262 1403923430910
263 1604483921040
264 1805044411170
265 2005604901300
266 2206165391430
267 2406725881560
268 2607286371690
269 2807846861820
270 3008407351950
271 3208967842080
272 3409528332210
273 3610088822340
274 3810649312470
275 4011209802600
276 4211770292730
277 4412330782860
278 4612891272990
279 4813451763120
280 5014012253250
281 5214572743380
282 5415133233510
283 5615693723640
284 5816254213770
285 6016814703900
286 6217375194030
287 6417935684160
288 6618496174290
289 6819056664420
290 7019617154550
291 7220177644680

A054841(a(n))
11111111111
111111111101
111111111011
1111111111001
11111111110001
1111111110101
11111111101001

111111111100001

111111110111

111111111010001

1111111110011

1111111111000001

11111111100101
1111111101101

1111111110100001

11111111011001

11111111110000001
111111111001001

111111101111
11111111100011

111111111100000001

21111111111
211111111101
211111111011
2111111111001
21111111110001
2111111110101
21111111101001
12111111111
121111111101
121111111011
1211111111001
31111111111
311111111101
11211111111
112111111101
22111111111
11121111111
41111111111
13111111111
21211111111
11112111111
32111111111
11111211111
21121111111
12211111111
51111111111
11111121111
23111111111
11111112111
31211111111
12121111111
21112111111
11111111211
42111111111
11311111111
21111211111
14111111111
31121111111
11111111121
22211111111
11111111112
61111111111
12112111111
21111121111
11221111111
33111111111

1456458
1490913
1502991
1512524
1522919
1524612
1535022
1543031
1540418
1555179
1559290
1571546
1569756
1562052
1583729
1572472
1598293
1589991
1565005
1591583
1606850
1781418
1821171
1835018
1846173
1858221
1860041
1872102
2000647
2043784
2058749
2070946
2170709
2216328
2311529
2359167
2432654
2539521
2635501
2722895
2803271
2877848
2947459
3012854
3074583
3133070
3188666
3241747
3292514
3341183
3387951
3432990
3476453
3518441
3559064
3598455
3636626
3673734
3709814
3744918
3779144
3812484
3845027
3876830
3907885
3938282
3968011

2613

1790
9494

11257
8302

33288
6710



n

314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384

p#
374

10
11
12
13
14
15
16
17
18
19
20

A244052

NN
0 ©
w N

294
295
296
297
298
299

300
301
302

303

304

305
306

307
308

309

310
311
312
313
314
315
316
317

318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348

a(n)
7420738134810
8222980095330
8624101075590
9426343036110
9814524629910

10293281928930
10491388397490
10629705976890
11003163441270
11250796526970
11406069164490
11833068917670
12026713528830
12192694624110
12234189897930
12467098854210
12687068424030
13075250017830
13228272327270
13326898775190
13437552838710
13562038660170
13873553904210
13976991398370
14058643388790
14123340321090
14239794799230
14552571002970
14602097620110
14640915779490
14744430871170
14841476269620
16445960190660
17248202151180
18852686072220
19629049259820
20586563857860
20982776794980
21259411953780
22006326882540
22262214404430
24668940285990
25872303226770
28279029108330
29443573889730
29682952539240
32891920381320
34496404302360
37103690674050
41114900476650
43120505377950
44524428808860
49337880571980
51744606453540
51945166943670
57560860667310
59365905078480
65783840762640
66786643213290
74006820857970
74207381348100
81628119482910
89048857617720
96469595752530
103890333887340
111311072022150
118731810156960
126152548291770
133573286426580
140994024561390
148414762696200

A054841 (a(n))
111111111111
1111111111101
11111111111001
111111111110001
1111111111011
11111111110101
1111111110111
1111111111100001
11111111101101
111111111101001
11111111110011
11111111111000001
111111111011001
11111111101011
111111111110000001
111111111100101
1111111111010001
111111111100011
1111111101111
111111111010101
1111111111100000001
1111111110110001
11111111011101
111111111010011
1111111111001001
11111111110100001
11111111111000000001
11111111100111
111111111101000001
111111111110000000001
1111111111000101
211111111111
2111111111101
21111111111001
211111111110001
2111111111011
21111111110101
2111111110111
2111111111100001
21111111101101
121111111111
1211111111101
12111111111001
121111111110001
1211111111011
311111111111
3111111111101
31111111111001
112111111111
1121111111101
11211111111001
221111111111
2211111111101
22111111111001
111211111111
1112111111101
411111111111
4111111111101
131111111111
1311111111101
212111111111
111121111111
321111111111
111112111111
211211111111
122111111111
511111111111
111111211111
231111111111
111111121111
312111111111

6107257
6186873
6225357
6299923
6313295
6351940
6357009
6406043
6395648
6426795
6432105
6505900
6470557
6475789
6537922
6507153
6533350
6546072
6489221
6550909
6630529
6577198
6527793
6589848
6614065
6633671
6689583
6602524
6665869
6718369
6653154
7408979
7500723
7545150
7631324
7645530
7690079
7695270
7754135
7739791
8283263
8382718
8430961
8524561
8539233
8959601
9064864
9115975
9518567
9628523
9681889
9998688
10112569
10167907
10421798
10539103
10801440
10921761
11146785
11269808
11464207
11758448
12033045
12290838
12533984
12764331
12983244
13192042
13391692
13583096
13766969

10395

35343
30111

30769
4572

56851
53331
102736

40681
16464

87059
23714

65215

14344



385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455

p#

41#

21
22
23
24

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378

380
381

383
384

386
387

388
389

390
391
392
393
394
395
396

a(n)
155835500831010
163256238965820
170676977100630
178097715235440
185518453370250
192939191505060
200359929639870
207780667774680
215201405909490
222622144044300
230042882179110
237463620313920
244884358448730
252305096583540
259725834718350
267146572853160
274567310987970
281988049122780
289408787257590
296829525392400
304250263527210
319091739796830
348774692336070
353588144099190
386480064480510
393299121144930
405332750552730
422024559086130
435817945052490
437823549953790
451129701092070
452665026223410
457077357006270
461282657605770
483784250659710
485155825624470
493095254682030
497189455032270
499596180913830
501601785815130
508821963459810
517148681739690
520169805385230
526070165610990
526872407571510
536085250731030
541713883841130
545543942233290
550939666387110
556043585066970
556154239130490
568815710072610
573056647333170
575006925202710
577814772064530
579056953164690
583167662387310
583831586768430
586238312649990
596292215929410
598686002424510
600277546959090
604521665717970
607303633806870
608500527054420
638183479593660
697549384672140
707176288198380
772960128961020
786598242289860
810665501105460

A054841(a(n))
121211111111
211121111111
111111112111
421111111111
113111111111
211112111111
141111111111
311211111111
111111111211
222111111111
111111111121
611111111111
121121111111
211111211111
112211111111
331111111111
111111111112
211111121111
121112111111
412111111111
1111111111111
11111111111101
111111111111001
11111111111011
111111111110101
1111111111110001
111111111110011
11111111110111
1111111111101001
11111111111100001
11111111101111
111111111111000001
1111111111100101
111111111101101
111111111101011
11111111111010001
111111111011101
1111111111110000001
1111111111100011
111111111110100001
11111111111001001
111111111011011
1111111111011001
111111111110010001
11111111111100000001
111111111100111
111111111111000000001
1111111111010101
1111111111101000001
1111111110111001
11111111111000101
11111111011111
111111111010111
111111111110001001
1111111111100100001
11111111110110001
1111111110110101
11111111111010000001
1111111111110000000001
1111111111010011
111111111101100001
111111111110100000001
1111111111001101
11111111110101001
2111111111111
21111111111101
211111111111001
21111111111011
211111111110101
2111111111110001
211111111110011

13943976
14114689
14279589
14439113
14593675
14743570
14889156
15030666
15168400
15302532
15433331
15560886
15685497
15807228
15926285
16042719
16156753
16268424
16377915
16485222
25547835
25691103
25969369
25986958
26265842
26367005
26409945
26450355
26664539
26742668
26608037
26863379
26809231
26729791
26874055
27041323
26887509
27213034
27090540
27162445
27186671
27031706
27129502
27307929
27436416
27171248
27545383
27274267
27513287
27287265
27469181
27072943
27328648
27590902
27659372
27507433
27432006
27737411
27862209
27555986
27628947
27846798
27572381
27652803
30777070
30941737
31261925
31280691
31601378
31720269
31766699

134631

54148
133588

153814

122494
50589
26363

181328
83532

265168

271116
32096
258118
76202
472440
216735

151939
227366

306223
233262

15411
289828
209406



456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526

p#
41

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

31
32

34
35

37
38

A244052

400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466

a(n)
844049118172260
871635890104980
875647099907580
902259402184140
905330052446820
912750790581630
957275219390490

1046324077008210
1060764432297570
1159440193441530
1179897363434790
1215998251658190
1217001054108840
1276366959187320
1395098769344280
1414352576396760
1521251317636050
1595458698984150
1743873461680350
1767940720495950
1825501581163260
1914550438780980
2092648154016420
2121528864595140
2129751844690470
2233642178577810
2434002108217680
2552733918374640
2738252371744890
2871825658171470
3042502635272100
3190917397968300
3346752898799310
3510009137765130
3651003162326520
3829100877561960
3955253425853730
4148192617358790
4259503689380940
4467284357155620
4563753952908150
4786376096952450
4868004216435360
5105467836749280
5172254479962570
5424559576546110
5476504743489780
5743651316342940
5780755007016990
6062743056139770
6085005270544200
6381834795936600
6389255534071410
6693505797598620
6997756061125830
7302006324653040
7606256588180250
7910506851707460
8214757115234670
8519007378761880
8823257642289090
9127507905816300
9431758169343510
9736008432870720
10040258696397930
10344508959925140
10648759223452350
10953009486979560
11257259750506770
11561510014033980
11865760277561190

A054841(a(n))
21111111110111
2111111111101001
21111111111100001
21111111101111

211111111111000001

1211111111111
12111111111101
121111111111001
12111111111011
121111111110101
1211111111110001
121111111110011
3111111111111
31111111111101
311111111111001
31111111111011
1121111111111
11211111111101
112111111111001
11211111111011
2211111111111
22111111111101
221111111111001
22111111111011
1112111111111
11121111111101
4111111111111
41111111111101
1311111111111
13111111111101
2121111111111
21211111111101
1111211111111
11112111111101
3211111111111
32111111111101
1111121111111
11111211111101
2112111111111
21121111111101
1221111111111
12211111111101
5111111111111
51111111111101
1111112111111
11111121111101
2311111111111
23111111111101
1111111211111
11111112111101
3121111111111
31211111111101
1212111111111
2111211111111
1111111121111
4211111111111
1131111111111
2111121111111
1411111111111
3112111111111
1111111112111
2221111111111
1111111111211
6111111111111
1211211111111
2111112111111
1122111111111
3311111111111
1111111111121
2111111211111
1211121111111

Turbulent Candidates & 16

31808208
32060677
32153988
31986440
32293482
34275412
34453699
34800722
34820065
35167494
35298019
35346324
36975389
37163907
37531070
37550806
39202990
39399712
39783125
39803134
41113927
41317660
41714768
41734946
42796158
43005869
44304250
44519303
45674953
45894790
46934014
47158213
48100411
48328621
49188475
49420393
50209382
50444688
51171876
51410489
52083254
52324848
52949218
53193674
53774716
54021869
54563896
54813639
55320185
55572354
56046532
56301066
56745598
57419570
58070526
58700048
59309813
59901079
60475204
61033218
61576180
62104885
62620288
63122989
63613787
64093337
64562197
65020786
65469664
65909358
66340279

167548



527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597

p#

434

40
41
42

A244052

S
o o)
@ —J

469
470
471
472
473
474
475
476
4717
478

479
480

481

482
483

484
485

487

488

489
490
491

492
493
494
495
496
497
498
499
500

501
502
503
504
505
506
507
508

a(n)
12170010541088400
12474260804615610
12778511068142820
13082761331670030
14299762385778870
14997311770451010
16125263966942130
16618642772661930
16911862209231990
17950765548105390
18485058693811710
18559266075159810
18740171637257070
18826412648012970
19464596127606630
19835154277048110
20384767656323070
20483443417467030
20577706847828130
20861700501852210
21203095951327290
21275256232500270
21379146566387610
21482635779294690
21568876790050590
21601768710431910
22210269237486330
22367301631564890
22655513525574930
22802323804350090
23204648147550870
23293697005168590
23367904386516690
23575283933311110
23690405654645730
23909874157879710
23914632282611070
23991246389840730
24035770818649590
24447980853105810
24725297783716530
24763003155860970
24899448986081670
25104758231042490
25208247443949570
25252771872758430
25460552540533110
25640565284964630
25713258758096910
25743498104253930
25811934519240870
25894164320194170
26134048498147590
26165522663340060
28599524771557740
29994623540902020
32250527933884260
33237285545323860
33823724418463980
35901531096210780
36970117387623420
37118532150319620
37480343274514140
37652825296025940
38929192255213260
39248283995010090
42899287157336610
44991935311353030
48375791900826390
49855928317985790
50735586627695970

A054841(a(n))
4121111111111
1111111111112
2212111111111
11111111111111
111111111111101
111111111111011
1111111111111001
111111111110111
1111111111110101
11111111111110001
1111111111110011
111111111111100001
1111111111101101
11111111111101001
111111111111010001
111111111101111
1111111111111000001
1111111111101011
11111111111100101
11111111111011001
111111111011111
111111111111001001
1111111111110100001
1111111111100111
111111111110110001
11111111111110000001
111111111111100000001
1111111111011101
11111111111101000001
11111111111010101
11111111111100011
111111111111010000001
1111111111110010001
111111111110101001
1111111111101100001
1111111110111101
11111111111001101
111111111111000101
1111111111111000000001
1111111111011011
111111111110011001
11111111111100100001
11111111110111001
11111111111011000001
1111111111110100000001
11111111111110000000001
111111111111001000001
1111111111010111
11111111111010011
111111111101110001
111111111110110000001
1111111111101010001
1111111110111011
21111111111111
211111111111101
211111111111011
2111111111111001
211111111110111
2111111111110101
21111111111110001
2111111111110011
211111111111100001
2111111111101101
21111111111101001
211111111111010001
12111111111111
121111111111101
121111111111011
1211111111111001
121111111110111
1211111111110101

66762709

67177140

67583798
106115655
107157561
107693596
108653223
108793184
109190977
110072228
110239894
110529213
110293311
110611835
111069449
110490165
111855268
111343381
111664732
111717231
111057835
112123642
112397465
111882799
112175914
112704111
113118627
111991797
113247583
112771135
113178162
113662782
113455693
113231219
113507268
112558938
113312242
113639249
114325008
113041819
113772794
114308560
113418083
114359639
114871071
115099993
114725094
113580618
114286845
113877652
114776005
114566414
113608109
127090969
128285120
128897969
130002703
130151298
130617066
131635114
131817247
132161350
131872459
132251188
132777964
141076766
142368151
143029979
144227906
144380748
144891000

235902

579284

511887
190536
138037
797433

514666
221551

1126830

476448
69421

207089
431563
155514
1103844
350540
23533

1283189
552214
16448
906925

374899
1519375
813148
1222341
323988
533579
1491884

288891



598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668

p#
43

474

s o

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

31
32

34
35

37
38

40
41
42
43
44
45
46

509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561

a(n)
52331045326680120
57199049543115480
59989247081804040
64501055867768520
65413806658350150
71498811928894350
74986558852255050
78496567990020180
85798574314673220
89983870622706060
91579329321690210

100098336700452090
104662090653360240
114398099086230960
117744851985030270
128697861472009830
130827613316700300
142997623857788700
143910374648370330
156993135980040360
170075897311710390
183158658643380420
196241419975050450
209324181306720480
222406942638390510
235489703970060540
248572465301730570
261655226633400600
274737987965070630
287820749296740660
300903510628410690
313986271960080720
327069033291750750
340151794623420780
353234555955090810
366317317286760840
379400078618430870
392482839950100900
405565601281770930
418648362613440960
431731123945110990
444813885276781020
457896646608451050
470979407940121080
484062169271791110
497144930603461140
510227691935131170
523310453266801200
536393214598471230
549475975930141260
562558737261811290
575641498593481320
588724259925151350

56 01807021256821380

56

564
565
566
567
568
569
570
571

614889782588491410
693386350578511590
757887406446280110
771882918568531770
794857523833903530
798048441231871830
843685980760953330
872285505532511070
876545009221892010
880788066951082290
884841394456609590
914836017997511610
928876054548572130
951390574049585670
955041577211912190
958084079847184290
980499923587053870

A054841(a(n))
31111111111111
311111111111101
311111111111011
3111111111111001
11211111111111
112111111111101
112111111111011
22111111111111
221111111111101
221111111111011
11121111111111
111211111111101
41111111111111
411111111111101
13111111111111
131111111111101
21211111111111
212111111111101
11112111111111
32111111111111
11111211111111
21121111111111
12211111111111
51111111111111
11111121111111
23111111111111
11111112111111
31211111111111
12121111111111
21112111111111
11111111211111
42111111111111
11311111111111
21111211111111
14111111111111
31121111111111
11111111121111
22211111111111
11111111112111
61111111111111
12112111111111
21111121111111
11221111111111
33111111111111
11111111111211
21111112111111
12111211111111
41211111111111
11111111111121
22121111111111
11111111111112
31112111111111
13211111111111
21111111211111
111111111111111
1111111111111101
1111111111111011

11111111111111001

1111111111110111

111111111111110001
11111111111110101
111111111111101001
1111111111111100001

1111111111101111

11111111111101101
111111111111011001
11111111111111000001
11111111111110011
111111111111110000001
1111111111111010001
11111111111011101

Turbulent Candidates & 16

151849368
153213665
153912067
155180143
160724367
162147368
162875241
168329480
169802111
170554836
175018121
176533741
181009970
182563621
186452254
188040080
191448498
193067448
196074638
200388101
204433583
208246367
211855056
215283086
218549836
221671944
224663116
227535271
230298900
232962695
235534832
238022005
240430516
242765608
245032569
247235492
249378636
251465288
253499018
255482472
257418712
259310145
261159104
262967531
264737575
266470911
268169500
269834638
271467914
273070560
274643977
276189318
277707756
279200197
440396221



n p#

669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739

47

k

10
11
12
13
14
15
16

a(n)
983641101983469930
997799870344687410

1004819888620217670
1013737209132377730
1015283129390299770
1031623594763151390
1033538145201932370
1043882654161857510
1051263176683549830
1064809135702021710
1080392685785122710
1085869190528612490
1090618462934890890
1094803759242923730
1094996698434428790
1105670126598167130
1113449065768349310
1123764085420346370
1127588580322514310
1129681228476530730
1133094768018543330
1143150469872681270
1144893741652891230
1148411171528791170
1164365758518632670
1170274102345838490
1177144269586775490
1179923636858997030
1184787629865629790
1186880278019646210
1200742216855471290
1202701291723061130
1208523161630554770
1209944410899934710
1213160922404320890
1229779565176982820
1386772701157023180
1515774812892560220
1543765837137063540
1589715047667807060
1596096882463743660
1687371961521906660
1744571011065022140
1753090018443784020
1761576133902164580
1769682788913219180
1829672035995023220
1844669347765474230
2080159051735534770
2273662219338840330
2315648755705595310
2384572571501710590
2394145323695615490
2459559130353965640
2773545402314046360
3031549625785120440
3074448912942457050
3466931752892557950
3689338695530948460
4160318103471069540
4304228478119439870
4853704454049581130
4919118260707931280
5534008043296422690
6148897825884914100
6763787608473405510
7378677391061896920
7993567173650388330
8608456956238879740
9223346738827371150
9838236521415862560

A054841(a(n))
111111111111100101
11111111111101011
1111111111110110001
111111111110111001
11111111111110100001
111111111111010101
1111111111111100000001
111111111111101000001
1111111111011111
11111111111101100001
1111111111111001001
11111111111111000000001
11111111111100111
111111111111011000001
111111111111100011
11111111111011011
1111111111101110001
1111111110111111
111111111111001101
1111111111111010000001
1111111111110101001
111111111110110101
11111111111110010001
111111111111010011
111111111111110000000001
11111111110111101
111111111111100100001
11111111111011100001
1111111111110110000001
11111111111110100000001
11111111111101010001
1111111111111000101
11111111111010111
111111111101111001
111111111110111000001
211111111111111
2111111111111101
2111111111111011
21111111111111001
2111111111110111
211111111111110001
21111111111110101
211111111111101001
2111111111111100001
2111111111101111
21111111111101101
211111111111011001
121111111111111
1211111111111101
1211111111111011
12111111111111001
1211111111110111
121111111111110001
311111111111111
3111111111111101
3111111111111011
112111111111111
1121111111111101
221111111111111
2211111111111101
111211111111111
1112111111111101
411111111111111
131111111111111
212111111111111
111121111111111
321111111111111
111112111111111
211211111111111
122111111111111
511111111111111

Turbulent Candidates & 16

n p#
740 47
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776 53#
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810

k

17
18
19
20
21
22
23
24
25
26
27
28
29

31
32

34
35

37
38

40
41
42
43
44
45
46
47
48
49
50
51
52

1

a(n)
10453126304004353970
11068016086592845380
11682905869181336790
12297795651769828200
12912685434358319610
13527575216946811020
14142464999535302430
14757354782123793840
15372244564712285250
15987134347300776660
16602024129889268070
17216913912477759480
17831803695066250890
18446693477654742300
19061583260243233710
19676473042831725120
20291362825420216530
20906252608008707940
21521142390597199350
22136032173185690760
22750921955774182170
23365811738362673580
23980701520951164990
24595591303539656400
25210481086128147810
25825370868716639220
26440260651305130630
27055150433893622040
27670040216482113450
28284929999070604860
28899819781659096270
29514709564247587680
30129599346836079090
30744489129424570500
31359378912013061910
31974268694601553320
32589158477190044730
36278497172720993190
37508276737897976010
40909794684132183810
41197615433428924470
42296567385289206990
43657174563782890110
44715356980330526490
44886954128959872930
46231131793223086710
46456885488760276530
46896593906200308270
47084858032680437970
48486308953868115330
48576292824490821390
49230430891074322890
50617203592231346070
50778456231900767370
51035851954844787030
51464844826418153130
51716155544091628590
51966495950113855110
53255454096871536510
53469245562535412610
53728072084016019690
53810005857685887810
53975325061853184990
54725190650375735490
54777521695702415610
54803687218365755670
55325780670578448030
56347453055502819210
56434884192207150630
56526960710983873110
56661439327462899930

A054841(a(n))
111111211111111
231111111111111
111111121111111
312111111111111
121211111111111
211121111111111
111111112111111
421111111111111
113111111111111
211112111111111
141111111111111
311211111111111
111111111211111
222111111111111
111111111121111
611111111111111
121121111111111
211111211111111
112211111111111
331111111111111
111111111112111
211111121111111
121112111111111
412111111111111
111111111111211
221211111111111
111111111111121
311121111111111
132111111111111
211111112111111
111111111111112
521111111111111
111311111111111
213111111111111
121111211111111
311112111111111
1111111111111111
11111111111111101
111111111111111001
11111111111111011
1111111111111110001
111111111111110101
11111111111111100001
11111111111110111
111111111111111000001
111111111111101101
1111111111111101001
11111111111101111
111111111111110011
111111111111011101
1111111111111110000001
11111111111111010001
111111111111110100001
1111111111111011001
11111111111111100000001
111111111111101011
1111111111111100101
11111111111011111
1111111111110111001
1111111111111100011
111111111110111101
11111111111110110001
111111111111011011
111111111111111000000001
1111111111111101000001
11111111111111001001
111111111111101100001
111111111111110010001
11111111111101110001
1111111111111010101
11111111111111000101



811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881

p#
53

10
11

a(n)
57551067098016461970
58024599239874957690
58034825017024725870
58257536209926643590
58443128870678241690
59012800485722513430
59284373428592842530
59644308911083666770
59810495338810286070
59873105109256128690
59901704634027686430
60865792091025932010
60978750566914009830
61294013205833277870
61589076595549593090
61711385201487531510
61932270892808285970
62024527424329439970
62103868041437632410
62234695654754332710
62535952753526842590
62793744382878378870
62823739006419280890
62904654735041249130
63045826857317874570
63333647606614615230
63676841903873308110
63743168461322239890
63987785673198116730
64066282241188136910
64127053777696539630
64297528887429007170
64593421795332500070
64953357277823324310
65178316954380089460
72556994345441986380
75016553475795952020
81819589368264367620
82395230866857848940
84593134770578413980
87314349127565780220
89430713960661052980
89773908257919745860
92462263586446173420
92913770977520553060
93793187812400616540
94169716065360875940
96972617907736230660
97152585648981642780
97767475431570134190

108835491518162979570
112524830213693928030
122729384052396551430
123592846300286773410
126889702155867620970
130356633908760178920
145113988690883972760
150033106951591904040
162945792385950223650
181392485863604965950
187541383689489880050
195534950863140268380
217670983036325959140
225049660427387856060
228124109340330313110
253949480209046952330
260713267817520357840
290227977381767945520
293302426294710402570
325891584771900447300
358480743249090492030

A054841 (a(n))
11111111111111010000001
111111111111011100001
111111111111100111
111111111111110001001
1111111111111010011
1111111111101111001
1111111111110110101

1111111111111110000000001

111111111110111011
1111111111111011000001
11111111111110101001
111111111111010111
1111111111111100100001
1111111111110110011
111111111111101010001
111111111111110100000001
11111111111110100101
11111111110111111

11111111111111100000000001

11111111111111000011
11111111111011110001
1111111111110111000001
11111111111101101001
11111111111110110000001
1111111111111100010001

111111111111111000000000001

111111111111101001001
1111111111111001101
111111111111110000101
11111111111111001000001
111111111101111101
111111111110111100001
111111111111011010001
11111111111101100101
2111111111111111
21111111111111101
211111111111111001
21111111111111011
2111111111111110001
211111111111110101
21111111111111100001
21111111111110111
211111111111111000001
211111111111101101
2111111111111101001
21111111111101111
211111111111110011
211111111111011101
2111111111111110000001
1211111111111111
12111111111111101
121111111111111001
12111111111111011
1211111111111110001
121111111111110101
3111111111111111
31111111111111101
311111111111111001
1121111111111111
11211111111111101
112111111111111001
2211111111111111
22111111111111101
221111111111111001
1112111111111111
11121111111111101
4111111111111111
41111111111111101
1311111111111111
2121111111111111
1111211111111111

Turbulent Candidates & 16

882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928
929

p#

53

59

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58

a(n)
391069901726280536760
423659060203470581490
456248218680660626220
488837377157850670950
521426535635040715680
554015694112230760410
586604852589420805140
619194011066610849870
651783169543800894600
684372328020990939330
716961486498180984060
749550644975371028790
782139803452561073520
814728961929751118250
847318120406941162980
879907278884131207710
912496437361321252440
945085595838511297170
977674754315701341900

1010263912792891386630
1042853071270081431360
1075442229747271476090
1108031388224461520820
1140620546701651565550
1173209705178841610280
1205798863656031655010
1238388022133221699740
1270977180610411744470
1303566339087601789200
1336155497564791833930
1368744656041981878660
1401333814519171923390
1433922972996361968120
1466512131473552012850
1499101289950742057580
1531690448427932102310
1564279606905122147040
1596868765382312191770
1629457923859502236500
1662047082336692281230
1694636240813882325960
1727225399291072370690
1759814557768262415420
1792403716245452460150
1824992874722642504880
1857582033199832549610
1890171191677022594340
1922760350154212639070

2054841 (a(n))
3211111111111111
1111121111111111
2112111111111111
1221111111111111
5111111111111111
1111112111111111
2311111111111111
1111111211111111
3121111111111111
1212111111111111
2111211111111111
1111111121111111
4211111111111111
1131111111111111
2111121111111111
1411111111111111
3112111111111111
1111111112111111
2221111111111111
1111111111211111
6111111111111111
1211211111111111
2111112111111111
1122111111111111
3311111111111111
1111111111121111
2111111211111111
1211121111111111
4121111111111111
1111111111112111
2212111111111111
1111111111111211
3111211111111111
1321111111111111
2111111121111111
1111111111111121
5211111111111111
1113111111111111
2131111111111111
1211112111111111
3111121111111111
1111111111111112
2411111111111111
1121211111111111
4112111111111111
1211111211111111
2111111112111111
11111111111111111
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Abbreviated
Notation

o
fard

01

01
001

01
001
0001

011

01
001
0001

011
0101
01
001
0001
00001

011
0101
0011

0111

01
001
0001
00001

011
0101
01001

0111

01

001
0001
00001
000001

011
0101
01001
0111
01101

01

001
0001
00001
000001
0000001

011
0101
0011

01001
00101
010001
001001

0111
01101

01111

a(n)
10
42

330
390

2730
3570
3990

4290

39270
43890
53130

46410
51870
570570
690690
870870
930930

746130
903210
1009470

881790

11741730
14804790
15825810
18888870

13123110
16546530
17687670

17160990

281291010
300690390
358888530
397687290
417086670

340510170
363993630
434444010

380570190
406816410

6915878970
8254436190
9146807670
9592993410
10485364890
11823922110

8720021310
10407767370
11125544430
11532931410
12328305990
12095513430
12929686770

10555815270
12598876290

11797675890

r(a(n))
6
19

77
80

295
313
322

315

1224
1253
1306

1257
1285

4939
5119
5364
5436

5138
5317
5412

5235

20605
21453
21713
22443

20929
21769
22028

21559

86054
86978
89598
91214
91993

88168
89097
91713

89235
90163

352998
362468
368348
371174
376626
384339

363560
373037
376388
378944
382299
381784
385136

370805
380250

374310

Deficit of

r(a(n)) from
local record

47
24
129

210

501
280

363
1051

2040
2555

5821
4089

4634

12

Abbreviated
Notation

01

001

0001
00001
000001
0000001
00000001

011
0101
0011

01001
00101
00011
010001
001001
0100001

0111
01101
011001

01111

01

001

0001

00001
000001
0000001
00000001
000000001
0000000001

011
0101
0011

01001
00101
00011
010001
001001
000101
0100001
01000001

0111
01101
01011
00111

011001
010101
010011
0110001

01111
011101

Turbulent Candidates & 16

a(n)
239378649510
265257422430
278196808890
304075581810
342893741190
381711900570
394651287030

255887521890
283551037770
338431883790
297382795710
354940756170
393312729810
325046311590
387958500930
366541585410

322640788470
357520873710
374960916330

390565164990

8222980095330
8624101075590
9426343036110
10629705976890
11833068917670
12234189897930
13437552838710
14239794799230
14640915779490

9814524629910
10293281928930
11406069164490
11250796526970
12467098854210
13075250017830
12687068424030
14058643388790
14744430871170
14123340321090
14602097620110

10491388397490
11003163441270
12192694624110
14552571002970
12026713528830
13326898775190
13976991398370
13562038660170

13228272327270
13873553904210

r(a(n))
1490913
1512524
1522919
1543031
1571546
1598293
1606850

1502991
1524612
1559290
1535022
1569756
1591583
1555179
1589991
1583729

1540418
1562052
1572472

1565005

6186873
6225357
6299923
6406043
6505900
6537922
6630529
6689583
6718369

6313295
6351940
6432105
6426795
6507153
6546072
6533350
6614065
6653154
6633671
6665869

6357009
6395648
6475789
6602524
6470557
6550909
6589848
6577198

6489221
6527793

r(a(n)) from
local record

Deficit of

1790
6710

8302

2613
9494
11257

33288

79616
38484
74566
49034
73795
62133
79620
55912
52500

30769

4572
16464
65215

23714

10395
30111
87059
35343

40681
53331
56851
102736



Abbreviated
Notation

13 1 01
001

0001

00001

000001

0000001

00000001
000000001
0000000001

2 011
0101

0011

01001
00101
00011
010001
001001
000101
0100001
0010001
0001001
01000001
00100001
010000001
0100000001

3 0111
01101
01011
00111

011001
010101
001101
010011
0110001
0101001
01100001

4 01111
011101
011011
010111
0111001
0110101

5 011111

a(n)
319091739796830
348774692336070
393299121144930
437823549953790
452665026223410
497189455032270
526872407571510
541713883841130
586238312649990

353588144099190
386480064480510
405332750552730
435817945052490
457077357006270
499596180913830
485155825624470
508821963459810
556154239130490
501601785815130
526070165610990
575006925202710
550939666387110
577814772064530
583831586768430
600277546959090

422024559086130
461282657605770
483784250659710
536085250731030
520169805385230
545543942233290
604521665717970
596292215929410
579056953164690
607303633806870
598686002424510

451129701092070
493095254682030
517148681739690
573056647333170
556043585066970
583167662387310

568815710072610

r(a(n))
25691103
25969369
26367005
26742668
26863379
27213034
27436416
27545383
27862209

25986958
26265842
26409945
26664539
26809231
27090540
27041323
27186671
27469181
27162445
27307929
27590902
27513287
27659372
27737411
27846798

26450355
26729791
26874055
27171248
27129502
27274267
27572381
27555986
27507433
27652803
27628947

26608037
26887509
27031706
27328648
27287265
27432006

27072943

r(a(n)) from
local record

Deficit of

54148
122494

26363
76202
50589

32096

15411

133588

265168

83532
271116
289828
306223
151939
209406
233262

134631
153814
181328
216735
258118
227366

472440

Abbreviated
Notation

=
S
o
ary

001

0001

00001
000001
0000001
00000001
000000001
0000000001

2 011
0101

0011

01001
00101
00011
010001
001001
000101
0100001
0010001
01000001
00100001
010000001
001000001
0100000001

3 0111
01101
01011
00111

011001
010101
001101
010011
0110001
0101001
0011001
01100001
01010001
011000001
0110000001

4 01111
011101

011011

010111
0111001
01110001

5 011111
0111101
0111011

a(n)
14299762385778870
16125263966942130
17950765548105390
18559266075159810
20384767656323070
21601768710431910
22210269237486330
24035770818649590
25252771872758430

14997311770451010
16911862209231990
18485058693811710
18826412648012970
20577706847828130
23204648147550870
19464596127606630
21275256232500270
23991246389840730
21379146566387610
23367904386516690
22655513525574930
24763003155860970
23293697005168590
25460552540533110
25208247443949570

16618642772661930
18740171637257070
20483443417467030
21482635779294690
20861700501852210
22802323804350090
23914632282611070
25713258758096910
21568876790050590
23575283933311110
24725297783716530
23690405654645730
25894164320194170
25104758231042490
25811934519240870

19835154277048110
22367301631564890
24447980853105810
25640565284964630
24899448986081670
25743498104253930
21203095951327290
23909874157879710
26134048498147590

r(a(n))
107157561
108653223
110072228
110529213
111855268
112704111
113118627
114325008
115099993

107693596
109190977
110239894
110611835
111664732
113178162
111069449
112123642
113639249
112397465
113455693
113247583
114308560
113662782
114725094
114871071

108793184
110293311
111343381
111882799
111717231
112771135
113312242
114286845
112175914
113231219
113772794
113507268
114566414
114359639
114776005

110490165
111991797
113041819
113580618
113418083
113877652
111057835
112558938
113608109

Deficit of
r(a(n)) from
local record

190536
69421

23533
207089
16448

374899

235902
511887
514666
138037
476448
350540
813148
221551
431563
552214
155514
533579

323988

579284
1126830
1283189
1519375

906925
1222341

797433
1103844
1491884






